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Abstract. Base of fibered correspondence is arbitrary correspondence. Fibered 
correspondence is interesting when we consider relationship between different 
bundles. However composition of fibered correspondences may not always be 
defined. Reduced fibered correspondence is defined only between fibers over 
the same point of base. Reduced fibered correspondence in bundle is called 
2-ary fibered relation. We considered fibered equivalence and isomorphism 
theorem in case of fibered morphisms. 



24 - 25 August 1883 

Pushkin once said in the circle of his friends: 
"Imagine what my Tat'iana has done - she's 
got married. I should never have expected that 
of her." I could say just the same about Anna 
Karenina. My characters sometimes do things 
that I would not wish. In general they do what 
is ordinarily done in actual life and not what 
I want. 

- Reminiscences of V. I. Alekseev. The date 
is that given by G. A. Rusanov, who records 
the same saying. According to Alekseev it 
refers to Anna's suicide. Tat'iana is the hero- 
ine of Pushkin's "novel in verse," Eugcnii One- 
gin. 



[3], p 51 

This story began many years ago. When I was 15 years old I got some money 
for minor expenses. I started buying math and physics books. When I entered 
university I collected library of favorite books. Among these books there was book 
"Universal Algebra" by Cohn ([4]) that miraculously remained unsold. I was not 
thinking too hard that it might be too early for me to read this. Reading this 
book I had fallen in love with algebra. However I dedicated my life and research to 
geometry on the edge of geometry and physics. 

After more then 30 years I suddenly returned to this book. I became curious 
about definition of universal algebra in fiber of bundle. When I started to write 
paper [2] I could swear that something similar I had read when I was young. I 
found the book that, as I supposed, was origin. However this book was dedicated 
only to vector bundles. When I started to write this paper I finally realized that I 
did not read something similar. I could not leave such facts unnoticed. 
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It turns out that I thought about this when I was young. However why did I 
wait so long time? Why I initiated this research now? I will never get an answer to 
the first question. However the answer to the second question is very simple. For a 
long time I studied reference frame in general relativity. My interest was not only 
classical case, but possible deviations of geometry as well. Statements obtained in 
[2] show that in the field of my research there is a lot of unanswered questions. 

I supposed to dedicate this paper to fibered equivalence relation, because I have 
certain interest to it in the future. However, the need for clear statements involved 
new definitions. Then events became unpredictable. I expected the paper to be 
extremely concise and written for a month. However this paper severely takes all 
my time, changes the title and direction of the research. 1 The paper dedicated to 
fibered equivalence relation turns into paper dedicated to fibered binary relations. 

Fibcrcd relation is one of the most complicated subjects in the theory of fibered 
algebra. Since an operation is a map, we extend unambiguously the definition of 
the operation to bundle and its sections and demand that operation is smooth. 
Relation is the subset of Cartesian product. Assuming that we defined relation 
only in the fiber, we arc losing relationship between fibers. 

I decided to repeat the procedure to determine a relation in universal algebra. 
When I started to study fibered correspondence, I realized, that I need to change 
definitions in [2]. The definition [2]-3.1 generates too narrow framework to define 
a fibered correspondence. May be sometimes it is enough to define correspondence 
only in fiber 2 , however we losing fibered morphisms. The analysis of this situation 
exposes the myth with which I have comfortably lived for all those years. More 
exactly, all this time I have been trying to work out what the base of fibered map is 
like. Is it an injection or an arbitrary map? No one definition gives clear answer on 
this question. For the simplicity of perception I supposed that base of fibered map is 
injection. Actually, since we do not determine type of map of a base, this map may 
be arbitrary. This leads to more wide definition (definition [2]-2.2) of Cartesian 
product of bundles. On the other hand, the definition [2]-2.2 presents problems 
to determine fibered algebra. This brings to necessity to use two definitions of 
Cartesian product of bundle. Similar considerations bring to two definitions of 
fibered correspondence. 

Finally I return to equivalence. However, my efforts were not wasted. My view 
on problem changed. 

From definition 2.2 it follows that notion of continuity is important in definition 
of fibered correspondence. After this definition I explain what docs mean continuity 
of correspondence. 

Where it is possible I use the same notation for operations and relations as we 
use them in the set theory. It does not bring to ambiguity because we use different 
notation for set and bundle. I use the same letter in different alphabets to denote 
bundle and fiber. 

We assume that projection of bundle, section and fibered map are smooth maps. 

In mathematical literature there are two customs to write product of mappings 
and correspondences. Some authors write product of mappings in the same order as 
arrows follow on diagram. While others prefer to write mappings in opposite order. 

1 Thrill of hunt is one of the strongest passions of mankind. I catch myself that I keep solving 
problems which are new for me. 

2 In particular, we define a fibered relation introducing relation in a fiber 
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When we read papers and books the first thing what we need is to put attention 
what order of factors is used by author. 

The case is clearer when author writes an action of mapping over set. In this 
case the author writes set and mapping in such order that, when we write brackets, 
we gets right order. For instance, let us consider diagram 

/ a 

and let D C A. Since we write product of mappings as fg, then image of set D has 
form Dfg = (Df)g. Since we write product of mappings as gf 7 then image of set 
D has form gfD = g(fD). 

This is my start point. Based on convention from remark [1]-2.2.14, 1 will assume 
oportunity to read expression from right to left and from left to right. 



1. Correspondence 



Definition 1.1. Let 




be diagram arrows of which represent correspondences. Diagram of correspon- 
dences is called commutative when image of any subset of set A in set D does 
not depend on way in diagram. □ 

The definition of category is not specific on the question whether morphism is a 
map. We can study category, sets of which are objects and correspondences from 
one set into another are morphisms. 

Definition 1.2. Let $ be a correspondence from a set A to a set B. Let C C A. 

The correspondence 

$/C = {(c,6) 6$:ceC} 
is called a restriction of the correspondence $ to the set C? correspondence 
<f> is called an extension of correspondence $/C. □ 

Definition 1.3. Let sets A and B be topological spaces. 

Correspondence $ from set A to a set B is said to be continuous on the set 
C C A, if, given open set V, $C C V C B, there is an open set U, C C U C A, 
such that ${/ C V. 

Correspondence <f> from set A to a set B is said to be continuous, if, given open 
set V C B, there is an open set U C A such that $[/ C.V. □ 

Following after [6], I define continuity based on definition of limit of filter. Since 
an image under correspondence is not a point, but a set, I little changed definitions 
and theorems. 

Definition 1.4. Let X be a topological space and # a filter on X. A set A C X 
is said to be a limit set or limit of filter if $ is finer then the neighborhood 
filter 58(A) of set A. Filter £ is also said to converge to A, $ — > A. 

The set A is said to be a limit of filter base <8 on X and 58 is said to converge 
to A, if the filter whose base is 58 converges to A. □ 



^We make this definition similar to the definition from [5], p. 82 
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Theorem 1.5. A filter base 53 on topological space X converges to set A C X iff 
every set of fundamental system of neighborhoods of set X contains a set o/Q3. 

Proof. If a filter J converges to set A, then every filter finer than $ also converges 
to A, by definition 1.4. Let $ be a set of filters on X, all of which converges to 
set A. The neighborhood filter 05(A) is coarser than all filters of hence 23(A) is 
coarser than their intersection 0. Therefore, <& converges to set A. □ 

Definition 1.6. Let $ be a correspondence from set X to a topological space Y. 
Let J — > A be a filter on X. The set Bc^is said to be limit of correspondence 
with respect to the filter ^ 

lim $(#) = B 

if B is limit of the filter base $(5"). □ 

Theorem 1.7. A set B <Z Y is a limit of correspondence <f> iwif/i respect to the 
filter $ iff for each neighborhood V of set B in Y , there is a set M G $ such that 
$M c V. 

Proof. The statement is corollary of definition 1.6 and theorem 1.5. □ 

Theorem 1.8. A correspondence $ from a topological space X to a topological 
space Y is continuous on the set A C X iff 

lim <!>($) = $A 

Proof. The statement is corollary of definition 1.3 and theorem 1.7. □ 

Let $ be continuous correspondence from topological space X to topological 
space Y. Let (a, b) G <fr. Suppose V C Y is an open set, &{a} C V. In particular, 
b G V. According to definition 1.3 there exists an open set U C X, a G U, C V. 
Therefore, there exist a' eU,b' G V, (a', 6') G 

2. Fibered Correspondence 

Definition 2.1. Let aL4] : A >- N and b[B] : B >M be bundles. Sup- 
pose bundle map is defined by diagram 

A »- B 

I i 

I a[A] | b[B] 

V V 

TV M 

where maps / and F are injections. Then bundle a [A] is called fibered subset or 
subbundle of b\B\. We also use notation a[A] C 6[B] or i C B. 

Suppose we defined the JF-algebra on sets A and £? and map / is homomorphism 
of fibered algebra. Then the bundle a [A] is called fibered subalgebra of fibered 
algebra b[B}. □ 

Without loss of generality we assume that A C B, N C M. 

Definition 2.2. Let a[A] : A >■ M and b[B] : B >■ N be bundles. Fibered 

subset f[F] : T ^ $ of bundle A x B is called fibered correspondence from 

A to B. 
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If A = B, then fibered correspondence T is called fibered correspondence in 
A. □ 

According to definitions 2.1 and 2.2 we can represent fibered correspondence 
using the diagram 



(2.1) T ^AxB 

i \ 
i \ 
/ I 

f[F] a[A]\ X \b[B\ 

\ I 
\ / 

Y 1 )> 

$ — MxJV 

where i and j arc continuous injections. We assume that a set [/ C $ is open iff 
there exists an open set V C M x N such that U = V PI <&. We assume that a set 
U C T is open iff there exists an open set V C .4 x 23 such that W = V H J. 

Correspondence $ is called base of fibered correspondence J 7 , and fibered 
correspondence T is called lift of correspondence 

We use diagrams of fibered correspondences as we use diagrams of maps and 
correspondences. In this case, in the diagram we can additionally show a projection 
on the base. Thus we can represent fibered correspondence using diagram 



(2.2) 



A- 

i 

I a 
¥ 

M - 



p[F] 



■B 

l 

I 6 
Y 

N 



Choice of diagram (2.1) or (2.2) depends on problem which we consider. 

To study fibered correspondence from A to B I use maps of the manifold M and 
N in which both bundles are trivial. This will make it possible to review fibered 
correspondence in detail without loss of generality. 

According to definition [2]-2.2, given x G M, y € N, I represent points of a fiber 
(A x £>)(:r. y ) of the bundle A x B as tuple (x,y,p,q) : p <E A x , q e B y . According 
to our assumption. $ C M x N, F C A x B. Therefore, we can consider $ as 
correspondence from M to N and F as correspondence from A to B. In particular, 
F( Ii9 j C A x x By. The point (x, p) S A is in correspondence with point (y, q) £ B, 
if point a; € M is in correspondence $ with point y G iV and point p e is in 
correspondence F^ x y ^ with point q S By. 

Correspondence in fiber depends on selected fiber. For instance, let a[R] : A R 2 

and b[R] : B >■ i? be bundles. Let (a;, y) € M = R 2 and z e N = R. Assume 

that point (x,y,p) £ ,4 is in correspondence T with point (z,q) 6 S, if we can 
represent g as 

q = (z 2 + x 2 + y 2 + p 2 + l)n 
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where n is an arbitrary integer. The relation is different in different fibers, however 
we can define bijection between F and Ft Xt y !Z ) for arbitrary fiber. 

Let us consider set T(F). Since we choose clutching functions of bundles A 
and £>, we may represent an element as (x , y , p(x) , q(y)) . Little permutation 

leads to the record ((x,p(x)), (y,q(y))). This leads one to assume that we wrote 
correspondence from set T(A) to set T(B). However this is not so. Let us choose 
value of x. Then when we change y, tuple (y, q(y)) describes section q £ T(B). Since 
this section depends on choice of tuple (x,p(x)), we cannot establish correspondence 
from set T(A) to set T(B). 

Fibered correspondence loses some important properties of correspondence. For 
instance, if C C A and $ is correspondence from A to B, then we can define the 
image of the set C under correspondence $ using law 

$C = {b £ B : (a,b) £ $,a £ C} 

However in the case of a fibered correspondence the image of a bundle is not 
necessarily a bundle, which is due to the fact that there exists a possibility that 
(xi,y) £ <&, {x2,y) £ At the same time, generally speaking, 

$ (x!,!/)4i ¥= ®(x 2 ,y)A X2 

even 

^{x 1 ,y)A Xl C B y 
^(x 2 ,y)A X2 C By 

Corollary of this is impossibility to define a composition of fibered correspondences 
in general case. Similar statement holds for fibered morphisms when base of mor- 
phism is not injection. 

Theorem 2.3. Let us consider fibered correspondence T 

A — 

I 

\p[A] 
V 

M — 

from bundle A to bundle B, base f of which is injection. Let the bundle 

a[C] :C--*~L 

is subbundle of bundle A. We define the image of the bundle C under fibered corre- 
spondence J- according to law 

TC = {{ Vl b) :y£N, 3x £ M, y = f(x), 

b £ By, 3a £ A x , (a,b) £ F {x , y) } 

Image of bundle C under fibered correspondence T is subbundle of bundle B. 

Proof. To prove the statement, we need to show that all D y = F^ x y ^C x are homc- 
omorphic. 

^One can easily observe that small change in correspondence may bring to fact that in some 
fibers correspondence will be singular. 
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I 

l q[B] 

Y 

N 
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Let us consider the following diagram 




D = FC 

i, i x , j, and j y are injections, k, I, and n are bijections. We need to prove, that m 
is bijection. We assume that correspondence F is nonsingular in selected fiber. 

Bijection I means that we can enumerate points of set A x using points of set A. 
Bijection k means that we can enumerate points of set C x using points of set C . 
Injection i means that CCA Injection i x means that C x C A x . Therefore, for 
each point p £ A, point p x £ A x is defined uniquely. Commutativity of diagram 
(1) means that 

(2.3) P eC^ Px eC x 

Bijection n means that we can enumerate points of the set B x using points of 
the set B. Injection j means that D C B. Injection j y means that D y C B y . 
Therefore, for each point q £ £?, point q y £ B y is defined uniquely. 

Bijections I and n and commutativity of diagram (5) means that we can enu- 
merate points of correspondence F^ x ^ using points of correspondence F 5 

(2.4) (p, q) £ F O- (p x , q y ) £ F^ y) 

According to definition, (p,q) £ F/C when p £ C and (p, q) £ F. According 



to (2.3) p x £ C x . According to (2.4) (p x ,q y ) £ F { 



(Px,qy) £ F( x ^ y )/C x . Therefore, q y £ D y , and map m is injection. 
Theorem 2.4. Let us consider fibered correspondence s[F] 

s[F] 

A 

i i 

I P[A] I q[B] 

V t V 
M 

from bundle A to bundle B and fibered correspondence t[H] 

t[H] 



( x . y ). According to definition, 

□ 



B — 

I 

I q[B) 
y 

N — 



C 



\r[C) 



V 

A" 



Requirement of nonsingularity of correspondence in fiber is very important. Commutativity 
of diagram is broken when correspondence in a fiber is singular. 
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from bundle B to bundle C. Let bases of fibered correspondences s[F] and t[H] are 
injections. We define a composition of fibered correspondences 6 Ji and T 

t[H] o s[F] = {(x, z, a, c) :x G M, z G K,3y G N,y = f(x),z = h(y), 

a€A x ,ce C z , 3b G B y , (a,b) G F( X)1/ ), (6, c) G #( y , z )} 

Proof. Let us consider the following diagram 




fc, Z, and n are bijections. We assume that correspondence F is nonsingular in a 
selected fiber. 

Like in the proof of theorem 2.3 commutativity of vertical diagram means that 
we can enumerate points of correspondence F/ x ^ using points of correspondence 
F, points of correspondence Hi ytZ \ using points of correspondence H, points of 
correspondence Gr x<z \ using points of correspondence G. 

Commutativity of lower diagram means that G = H o F. Commutativity of 
upper diagram means that Gi XjZ \ = Hr y>z ) o Fr x<y \. □ 

Theorem 2.5. Let s[F] be fibered correspondence from bundle A to bundle B, t[H] 
be fibered correspondence from bundle B to bundle C and r[G] be fibered correspon- 
dence from bundle C to bundle T>. If there exist compositions of fibered correspon- 
dences 

(2.5) t[H] o S [F] 
and 

(2.6) r[G]ot[H] 

then there exists compositions r[G] o (t[H] o s[F]) and (r[G] o t[H]) o s[F]. In this 
case composition of fibered correspondences holds associative law 

r[G] o (t[H] o S [F}) = (r[G] o t[H]) o s[F] 

Proof. Existence of composition (2.5) and (2.6) means that base / of fibered cor- 
respondence s[F], base h of fibered correspondence t[H] and base g of fibered cor- 
respondence r[G] are injections. In this case there exist compositions of mappings 
h o / and g o h which also are injections. Therefore, there exist compositions of 
mappings g o (h o /) and (g oh) o f which arc injections and satisfy to law 

go(hof) = (g oh) of 

^Composition of correspondences <t> and *t is determined even when $ is correspondence to 
set B, and is correspondence from set C. However we assume without loss of generality that <3? 
is correspondence to set B n C, and \P is correspondence from set B nC. This allows establishing 
connection between composition of correspondences and composition of fibered correspondences. 
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Therefore, there exist mapping of base of bundle A to base of bundle T>, and this 
mapping is injection. 

Existence of compositions (2.5) and (2.6) means that there exist compositions of 
correspondences HoF and Go H . Therefore, there exist compositions of correspon- 
dences G o (H o F) and (G o H) o F which hold to the associative law. Therefore, 
correspondence from fiber of the bundle A to fiber of the bundle T> is determined 
uniquely. □ 

Definition 2.6. Let s[F] : T »- / be fibered correspondence 

A t 

I 1 
v s[F] | q 

V 1 Y 
M 1 *• N 

from bundle A to bundle B and mapping / be injection. Then there exist inverse 
fibered correspondence s[F _1 ] : JF 1 *• / 1 

B n ^A 

1 i 1 

IP ,s[F- x ] 19 

Y Y 

N ^ >■ M 

f- 1 

a 

Definition 2.7. Let p[A] : A >■ M be bundle. Fibered correspondence 

r A [A A ] :A A --^A M 
where projection rA[Ayi] is defined by law 

rA((x,P), (x,p)) = (x,x) 
is called diagonal in bundle A. □ 

Theorem 2.8. Let J- be fibered correspondence from bundle A to bundle B, TL be 
fibered correspondence from bundle B to bundle C, projections of fibered correspon- 
dences T and TL be injections. The following laws are valid for fibered correspon- 
dences T and TL 

(TLoT)- 1 =T~ X or 1 
(JF' 1 )- 1 =T 
To A A = A Bor = T 

Proof. The proof of theorem is similar to proof of theorem 2.5. We check each 
statement for base and fiber. □ 
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3. Fibered Correspondence of Homomorphism 

Let transition functions f a p determine bundle A over base M. Let us consider 
maps U a £ M and Up G M, U a V\Up ^ 0. Point p G A has representation 
(x,p a ) in map U a and representation (x,pp) in map Up. Let transition functions 
g e s determine bundle B over base N. Let us consider maps V e G N and V5 G JV, 
V e nV$^ 0. Point g e 8 has representation (y,q e ) in map and representation 
(y,qs) in map V5. Therefore, 

= JapijPp) 

qe = ges(qs) 

When we move from map U a to map Up and from map V e to map Vg, representation 
of correspondence changes according to the law 

(x,y,p a ,q e ) = (x,y,f a p(pp),g,s(qs)) 

This is consistent with the transformation when we move from map U a x V e to map 
Up x Vs in the bundle Ax B. 

Actually this is unusual fact. It is enough to consider at least one operation in 
algebra to demand transition functions to be homomorphisms of algebra. However, 
we have here arbitrary condition, arbitrary correspondence. And everything is OK. 

As opposed to operation, the only property which correspondence holds is be- 
longing of point to a certain set. There is no reason to search for constraint for type 
of map until we consider one-to-one map. On the other hand, an operation in the 
algebra can be represented as correspondence. For instance, given vector space, we 
can consider correspondence of vector a to vector b such, that a = 36. According to 
definition a linear transformation holds this correspondence. What happens in case 
of nonlinear transformation. Let us consider coordinate transformation a, — > of. 
Does linear relation between vectors hold? No. Does the correspondence hold? 
Yes, however it is expressed by another way. Vectors are the same, even their 
coordinates change. 

From this follows, that we apply constraints to transition functions only when 
we apply constraints to correspondence. 

Definition 3.1. Correspondence $ from ^-algebra A into jF-algebra B is called 
correspondence of homomorphism, if 

(w(ai, ...,a„),w(6i, ...,&„)) G $ 

for each n-ari operation lu and any set of elements 04, a n S A, b\, b n G B 
such that 

(01,61) G (a n ,b n ) G $ 

□ 

Definition 3.2. Correspondence $ from JF-algebra A into JF-algebra B is called 
fibered correspondence of homomorphism, if 

(w(ai, ...,a„),w(6i, ...,&„)) G $ 

for each n-ari operation lu and any set of elements a±, a n G A, 61, b n G B 
such that 

(01,61) G (a n ,b n ) G $ 

□ 
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4. Reduced Fibered Correspondence 
Definition 4.1. Let a[A] : A >■ M and b[B] : B ^ M be bundles over 

M. Fibered subset f[F] : T >■ N of bundle A B is called reduced fibered 

correspondence from „4 to B. 

li A — B, then reduced fibered correspondence T is called reduced fibered 
correspondence in A. □ 

According to definition 2.1 and 4.1 we can represent reduced fibered correspon- 
dence using diagram 

(4.1) T ^A&B 

i \ 
I \ 
I \ 

f[F]\ a[A]\ \b[B] 

\ I 
\ / 

y ^ t 

M >■ M 

where j is continuous injection. We suppose, that the set U C T is open iff there 
exists set V C A B such that W = Vnf. 

We define reduced fibered correspondence only for points of the same fiber. To 
study reduced fibered correspondence from A to B I use maps of the manifold M in 
which both bundles are trivial. This will make it possible to review reduced fibered 
correspondence in detail without loss of generality. 

According to definition [2]-3.1, I represent points of a fiber (^4 x B) x of the 
bundle A B as tuple (x,p,q), p G A x , q £ B x . We define reduced fibered cor- 
respondence only for points of the same fiber. The point (x,p) £ A is in reduced 
fibered correspondence T with point (x, q) £ B, if x £ C M and point p £ A x 
is in correspondence F x with point q £ B x . Therefore, we can consider F x as 
correspondence from A x to B x . In particular, F x C A x x B x . 

Since reduced fibered correspondence inherits topology of bundle A £>, we 
can consider topology of reduced fibered correspondence. Let point p £ A x be in 
correspondence F x with point q £ B x . Let V C A B be an open set such that 
g) £ V. According to [6], page 44, there exist open sets U C M, F C i x 5 
such that x £ £/, (p, g) £ V n F. Therefore, there exist x' £ U, (p' , g'jGl^n F. If 
i/i', then we can express this fact as the statement about continuous dependence 
of correspondence on fiber. However continuity of correspondence in fiber does not 
follow from continuous dependence of correspondence on fiber. 

Theorem 4.2. Given reduced fibered correspondence f[F] :T >■ N , we de- 
termine uniquely a fibered correspondence /a[F] '■ J~ *■ , which is lift of 

diagonal Ajv, and isomorphism of bundles 

(4.2) T *T 

l I 

I/a[F] \f[F] 

y y 
A N 

over base ir : A^v — > N . 
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Proof. According to design, F( x ,k) = F m . □ 
We will write diagram (4.2) in more compact form 

T 

/a[-F] / / \ /[F] 
/ \ 

A N - 

Theorem 4.2 gives an opportunity to build two categories: 

• category of reduced fibered correspondences; its objects are bundles 
over selected base and its morphisms are reduced fibered correspondences 

• category of fibered correspondences over diagonal; its objects are 
bundles over selected base M and its morphisms are fibered correspondences 
base of which is diagonal in M 

Functor between these categories is trivial, ft maps objects and morphisms into 
themselves, however in case of morphisms we substitute a projection on base by a 
projection on diagonal. 

Remark 4.3. As evidenced by the foregoing, we can assume without loss of gener- 
ality that N = M. Like in section[2]-5 we may not indicate the base on diagram of 
reduced hbered correspondences. According to theorem 4.2 it is not important for 
us whether we use the set M as base or we use the set Am- □ 

Let transition functions f a p determine bundle A over base M and transition 
functions g a p determine bundle B over base M. Let us consider maps U a G AI 
and Up £ M, U a HUp ^= 0. Point p £ A has representation (x,p a ) in map U a and 
representation (x,pp) in map Up. Point q G B has representation (x,q a ) in map 
U a and representation (x,qp) in map Up. Therefore, 

Pa = fapipp) 

q a = g a p{qp) 

When we move from map U a to map Up, representation of correspondence changes 
according to the law 

{x^Patqa) f a p(pp),g a p(qp)) 
This is consistent with the transformation when we move from map U a to map Up 
in the bundle A © B. 

Theorem 4.4. Given reduced fibered correspondence T from A to B, set T(JF) 
determines correspondence from T(A) to T(B). 

Proof. By remark [2]-3.2 we can represent section of bundle A B as tuple (/, g) 
where / is section of bundle A and g is section of bundle B. For each fiber, f{x) G A x 
is in correspondence F with g(x) G B x iff section (/,<?) G □ 

The properties of reduced fibered correspondence are closer to properties ordi- 
nary correspondence. 

Theorem 4.5. Let T be reduced fibered correspondence from A to B. Suppose 
the bundle A' C A. We define the image of the bundle A' under reduced fibered 
correspondence T according to law 

TA' = {(x, b):xeN, (a, b) eF x ,a€ A x } 
12 
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Image of bundle A' under reduced fibered correspondence T is subbundle of bundle 
B. 

Proof. Let us consider 7 commutative diagram of fibered correspondences 
(4.3) 




Depending on projections selected, this diagram represents either the relation- 
ship between reduced fibered correspondences over base M, or the relationship 
between fibered correspondences over base Am- However, these correspondences 
are identical. All the relationships that hold for the base Am hold for base M as 
well. □ 

Remark 4.6. Diagram (4.3) has simple representation. However, if we draw this 
diagram without considering remark 4.3, this diagram will has representation 




s\B] 



On diagram we use convention 



za(o, a) = (i(a),i(a)) 



□ 



Theorem 4.7. Let us consider reduced fibered correspondence s[F] from bundle A 
to bundle B and reduced fibered correspondence t[H] from bundle B to bundle C. 
We define a composition of reduced fibered correspondences s[F] and t[H] 

t[H] o s[F] = {(x, a,c):x£ M, (a, b) e F x , (b, c) G H x } 

Proof. From commutativity of diagram of fibered correspondence 




7 I can repeat, up to notation, proof of theorem 2.3. However I want to give another proof in 
order to show how theorem 4.2 works. 
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over base Am follows G x = H x o F x . Therefore this equation holds also over base 
M. □ 

Definition 4.8. Let s[F] :T >■ M be reduced fibered correspondence 

A y ^B 

\ I s[F] I 

\ y / 

P ^M^ 9 

from bundle A to bundle £>. Then there exist inverse reduced fibered corre- 
spondence s[.F _1 ] : T^ 1 > M 

B -. *-A 

\ 1 / 

\ I slF- 1 ] / 

X ^ Y 
p - - ^ M < - " 9 

□ 

Theorem 4.9. Diagonal A A m bundle p[A] : A »■ M is reduced fibered cor- 
respondence 

r[A A ] : A A -> M 
where projection r[A A ] is determined by law 

r[A A ](x, (p,p)) = x 

□ 

Theorem 4.10. Let T be reduced fibered correspondence from bundle A to bundle 
B, TL be reduced fibered correspondence from bundle B to bundle C. The following 
laws are valid for reduced fibered correspondences J- and TL 

(Hot)- 1 = r 1 or 1 

T o A A = A B oT = T 

Proof. The proof of theorem is similar to proof of theorem 2.5. We check each 
statement for base and fiber. □ 

5. Fibered Relation 

Definition 5.1. Let p[A] : A »- M be bundle and to be n-ary relation in the 

set A. Fibered subset r[ui] of bundle £ n is n-ary fibered relation in bundle A. □ 

Theorem 5.2. 2-ary fibered relation in bundle A is reduced fibered correspon- 
dence in bundle A. 

Proof. The theorem is corollary of definitions 4.1 and 5.1. □ 

Definition 5.3. 2-ary fibered relation T in bundle A is said to be 

• transitive, if T o T C T 

• symmetric, if T~ l = T 

• antisymmetric, if T V\ T^ 1 C A A 

• reflexive, if T D A.4 

14 
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□ 

Definition 5.4. A transitive reflexive 2-ary fibered relation T in bundle A is called 
a fibered preordering of A. T^ 1 is then also a fibered preordering of A] it is 
said to be opposite to T . An antisymmetric fibered preordering in bundle A is 
called a fibered ordering of A. □ 

Definition 5.5. A transitive reflexive symmetric 2-ary fibered relation T in bundle 
A is called a fibered equivalence on bundle A. □ 

6. Fibered Morphism 

Theorem 6.1. Let us consider fibered equivalence s[S] : S > M on the bundle 

p[E] : £ >- AI ■ Then there exists bundle 

t[E/S] :£/S--^M 
called quotient bundle of bundle £ by the equivalence S. Fibered morphism 

natiS : £ — > £/S 

is called fibered natural morphism or fibered identification morphism. 

Proof. Let us consider the commutative diagram 

(6.1) £ — *~£/S 

\ / 
P[E] \ / t[E/S] 

AI 

We introduce in £/S quotient topology ([6], page 33), demanding continuity of 
mapping natiS. According to proposition [6]-I.3.6 mapping t[E/S] is continuous. 

Because we defined equivalence S only between points of the same fiber E, 
equivalence classes belong to the same fiber E/S (compare with the remark to 
proposition [6J-I.3.6). □ 

Let / : A — > B be fibered morphism. base of which is identity mapping. Ac- 
cording to definition 4.8 there exists inverse reduced fibered correspondence / . 
According to theorems 4.7 and 5.2 / _1 o / is 2-ary fibered relation. 

Theorem 6.2. Fibered relation S = / _1 of is fibered equivalence on the bundle A. 
There exists decomposition of fibered morphism f into product of fibered morphisms 

(6.2) / = itj 

A/S l - >f(A) 



A ^B 



One may be tempted to define fibered total ordering T using equation 

t ur 1 = a 2 

However, if we consider this relation on the set of sections, then we can find two section which we 
cannot compare. 
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j = natiS is the natural homomorphism 

(6.3) j(a)=j(a) 
t is isomorphism 

(6.4) r(a)=t(j(a)) 
i is the inclusion mapping 

(6.5) r(a) = i{r(a)) 

Proof. We verify the statement of theorem in fiber. We need also to check that 
equivalence depends continuously on fiber. □ 

7. Free TVRepresentation of Fibered Group 

Mapping natiS does not create bundle, because different equivalence classes are 
not homeomorphic in general. However the proof of theorem 6.1 suggests to the 
construction which reminds the construction designed in [7], pages 16 - 17. 

Definition 7.1. Consider T*-representation / of fibered group p[G] in bundle M.. 
A fibered little group or fibered stability group of h 6 T(A / () is the set 

Gh = {g e r(g) ■. f( g )h = h} 

□ 

Definition 7.2. TV-representation / of group G is said to be free, if for any x S M 
stability group G x = {e}. □ 

Theorem 7.3. Given free T-k-representation f of group G in the set A, there 
exist 1 — 1 correspondence between orbits of representation, as well between orbit of 
representation and group G. 

Proof. a 

Let us consider covariant free T*-rcprcsentation / of fibered group p[G] in fiber 
p[E\. This TV-representation determines fibered equivalence S on a[E], (j>,q) G S 
when p and q belong to common orbit. Since the representation in every fiber is 
free, all equivalence classes are homeomorphic to group G. Therefore, the mapping 

nat<S is projection of the bundle natS[G] : £ ^£/S . We also use notation 

S = Q-k. We may represent diagram (6.1) in the following form 

^ ^ natS[G] 

P[E] * e/s 

M 

Bundle nat<S[G] is called bundle of level 2. 

Example 7.4. Let us consider the representation of rotation group SO(2) in R 2 . 
All points except the point (0, 0) have trivial little group. Hence, we defined free 
representation of group SO{2) in set R 2 \ {(0, 0)}. 
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We cannot use this idea in case of bundle p[R 2 ] and representation of fibered 
group t[SO(2)\. Let S be relation of fibered equivalence. The bundle p[R 2 \ 
{(0, 0)}]/£ [5*0(2)]* is not complete. As a consequence passage to the limit may bring 
into non-existent fiber. Therefore we prefer to consider bundle p[R 2 ]/t[SO(2)]-k, 
keeping in mind, that fiber over point (x, 0, 0) is degenerate. □ 

We simplify the notation and represent this construction as 

p[Ea,Ei] :£ 2 --^£i--^M 

where we consider bundles 

p 2 [E 2 ] :£ 2 --*£ 1 Pl [Ej] : S x - - *■ M 

Similarly we consider bundle of level n 

(7.1) p[E n ,...,E x ] :£n-->- ... --*£i--*M 

The sequence of bundles (7.1) is called tower of bundles. I made this definition 
by analogy with Postnikov tower ([8]). Postnikov tower is the tower of bundles. 
Fiber of bundle of level n is homotopy group of oreder n. Such definitions are well 
known, however I gave definition of tower of bundles, because it follows in a natural 
way from the text above. 

One more example of tower of bundles attracted my attention ([9], [10], chapter 
2). We consider the set J°(n,m) of 0-jets of functions from R n to R m as base. We 
consider the set J p (n,m) of p-jets of functions from R n to R m as bundle of level 
P- 
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PaccjioeHHoe cooTBeTCTBHe 



AjiexcaHflp KjieftH 

AhHOTAI|H3. Ba3a paCCJIOeHHOrO COOTBeTCTBHa MCOKeT 6bITb npOH3BOJIbHbIM 
COOTBGTCTBHGM. PaCCJIOeHHOe COOTBGTCTBHG HHTGpGCHO npH H3yHGHHH COOTHO- 
IHGHHH MGJKfly pa3HbIMH paCCJTOGHHHMH. OflHaKO npOH3B6fl6HH6 paCCJIOeHHBIX 

cootbgtctbhh He Bcer^ia onpe^ejieHO. IIpHBe^eHHoe paccjioeHHoe coc-TBeTCTBue 
onpeflejieHO tojibko MeiKfiy cjiohmh, npoeKTHpyiorHHMHCa b OflHy h Ty >Ke toh- 
Ky 6a3M. ripHBe^eHHoe paccjioeHHoe coc-TBeTCTBue b paccjioeHHH Ha3bmaeT- 
ca 2-apHBiM paccjioeHHHM OTHOineHHeM. PaccMOTpeHHu paccnoeHHaa SKBHBa- 

JieHTHOCTb H TeOpeMa 06 H30MOp(pH3Me flJia paCCJIOeHHBIX MOpCpH3MOB. 

Kto-to h3 noceTHTejieii 5Ichoh ITojiflHbi 06- 

BHHHJI TojICTOrO B TOM, HTO OH JKeCTOKO nO- 

CTynnji c Ahhoh KapeHHHoii 3acTaBHB ee 6po- 

CHTbCfl nofl noe3fl. 

Tojictoh yjibi6Hyjica h otbgthji: 

- 9to mhghhg HanoMHHaeT mhg cnyHaii c 

ITy HIKHHblM . OflHaJKflbl OH CKa3ajI KOMy-TO H3 

cbohx npHflTeneii: «IIpe^iCTaBb, Kaxyro niTyxy 
yapajia co mhoi TaTbjraa. OHa 3aMysc BbiniJia. 
9Toro r HHKaK He o^KHflaji ot Hee». To »ce ca- 
Moe h r Mory cxa3aTb npo AHHy KapeHHHy. 
Boo6me repon h repoHHH moi flejiaiOT HHor,a;a 
Taxne niTyKH, KaKHx r He jKejiaji 6m! Ohh ,n,e- 

JiaiOT TO, HTO ^OJIJKHbl flejiaTb B fleHCTBHTejIb- 
HOH JKH3HH H KaK 6bIBaeT B fleHCTBHTejIbHOH 
JKH3HH, a He TO, HTO MHG XOHeTCS. 

[3], C. 517 

3ia HCTopna Ha^anacb MHoro jieT Ha3a,a,. B 15 JieT y MeHH noHBHJiHCb xap- 
MaHHbie ^eHbrn Ha pacxo,a,. 51 CTaji noxynaTb KHHrn no MaTeMaTHKe h (pH3HKe. K 
TOMy MOMeHTy, scoria r nocTynnji b yHHBepcHTeT, r co6paji 6n6jiHOTeKy jho6hmmx 
khhr Cpe,HH sthx KHHr 6bijia KHHra "yHHBepcajibHafl ajire6pa"KoHa ([4]), koto- 
paa ^y^OM 3a,a;epjKajiacb b Mara3HHe. 51 He oneHb 3a,zi,yMbiBajiCH, hto mhg eme paHO 
^HTaTb 06 3tom. HHTaa 3Ty KHHry r nojiio6HJi ajire6py. OflHaxo cbokj »cH3Hb h 
HCCJie^OBaHne r hocbhthji reoMeTpHH, pa6oTaa Ha CTbiKe reoMeTpHH h <ph3hkh. 

CnycTH 6ojiee ^eM 30 JieT, r B,n;pyr BepHyjica k stoh KHHre. MHe CTajio jiio6onbiT- 
ho, hto 6yn;eT, ecjin yHHBepcajibHaa ajire6pa onpe^ejieHa b cjioe paccnoemifl. Kor^a 
r Ha^aji nncaTb CTaTbio [2] MeHH He noKH^ajio onxymeHHe, hto HeiTO no,n,o6Hoe r 
HHTaji b MOJio^ocTH. 51 pa3MCKaji KHHry, KOTopaa, xax r nanaraji, 6bma nepBonc- 

TOHHHKOM. Ho B 3TOH KHHre 6bIJIH TOJIbKO BeKTOpHbie paCCJIOeHHH. Ho JIHHIb, KOr,Ha 

Key words and phrases. ajire6paHiecKaa TOnojiorHa, paccjioeHna, ajire6pa. 
Aleks_Kleyn@MailAPS.org. 
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h Ha^aji nncaTb 3Ty CTaTbio, a OKOH^aTejibHO noHHji, ^to HHHero no,a;o6Horo ft He 
^HTaji. 51 He CMor 6m npoiiTH mimo no#o6Hbix (paKTOB. 

BbIXO,ZI,HT, HTO B MOJIO,ZI,OCTH ft 06 3TOM flyMcUI. Ho nOHeMy ft yKfl,&JI CTOJIbKO JieT? 

H noneMy HMeHHO cen^ac ft Ha^aji sto nccjie^OBaHHe? Ha nepBbiii Bonpoc ft hh- 
Kor,a;a He Haii^y OTBeTa. A otbct Ha BTopoii Bonpoc OHeHb npocT. Ha npoTHJKeHHH 
MHornx JieT si H3yHaji CHCTeMy OTCH&ra b o6meii TeopHH OTHOCHTejibHOCTH. npn 

3TOM MeHH HHTepeCOBajI He TOJIbKO KJiaCCH^eCKHH CJiyHaH, HO H B03MOJKHbie OT- 

KJiOHeHHH reoMeTpHH. Pe3yjibTaTbi, nojiyHeHHbie b [2], noKa3ajiH, hto b o6jiacTH 
Moero HecjieflOBaHHH ecTb eiu,e MHoro ocTaBHinxca 6e3 OTBeTa BonpocoB. 

51 njiaHHpoBaji nocBHTHTb 3Ty CTaTbio nsy^eHHio paccjioeHHoro OTHOineHHa sk- 
BHBajieHTHOCTH, Tax Kax oho npe,a;cTaBjifleT pjift Measi onpeflejieHHbifi HHTepec b 
ftypympM. O^HaKO Heo6xo,iiHMOCTb ^aTb H&rKne cpopMynnpoBKH BOBjiexjia HOBbie 
onpe^ejieHHfl. ^ajibine co6mthh npHHfljiH coBepnieHO He npe#CKa3yeMMH o6opoT. 
CTaTba, KOTopaa njiaHnpoBajiacb 6biTb npe^ejibHO kopotkoh h 3aHHTb Mecan, pa- 
6otm, 6e3»cajiocTHO OTHHMaeT y mcha BpeMH, MeaaeT Ha3BaHne h HanpaBjieHne hc- 
cjieflOBaHHH. 1 CTaTba, nocBflmeHHaa paccjioeHHOMy OTHonieHHio SKBHBajieHTHOCTH, 
npeBpamaeTCfl b CTaTbio, nocBHmeHHyio paccjioeHHMM 6HHapHMM OTHOHiemiHM. 

PaccjioeHHoe OTHonieHHe - no»cajiyH o^Ha H3 caMbix tohkhx TeM b TeopHH pac- 
cjioeHHoii ajire6pbi. Onpe^ejieHne onepainiH npaKTHHecKH o^HOSHa^HO nepeHOCHT- 
ch Ha paccjioeHHH, Tax xax onepainia HBJiaeTCH OTo6pa»ceHHeM, h OTHOCHTejib- 
ho HeTpyznio pacnpocTpaHHTb onepainiio Ha ce^eHaa h, ecjin Ha,2;o, noTpe6oBaTb 
HenpepbiBHOCTb. OTHonieHHe - sto no^MHOJKecTBO fleKapTOBoro npoH3Be,a;eHHa. Ec- 
jih mm npocTO onpe,a;ejiHM ero nocnoimo, to cxopee Bcero mm noTepaeM CBH3b Me*:- 

fiy CJIOaMH. 

51 peniHJi nojiHOCTbio noBTopnTb nyTb, KOTopbiii Heo6xoflHM pjift onpeflejieHHH 
OTHonieHHa b yHHBepcajibHoii ajire6pe. Kor,a;a a Ha^aji H3yHaTb paccjioeHHbie co- 

OTBeTCTBHH, ft nOHflJI, ITO MHOrHe (pOpMyjIHpOBKH B [2] flOJIJKHM 6bITb H3MeHeHM. 

Onpe,n;ejieHHe [2]-3.1 nopojKflaeT cjihhikom TecHbie paMKH pjift onpe,a;ejieHHfl pac- 
cjioeHHbix cooTBeTCTBHH. Onpeflejiemie, 3a^aioiHee cooTBeTCTBne TOJibKO b cjioe, 
MO»ceT h xopomo b HexoTopbix cjiyiaax 2 , ho 3a 6opTOM ocTaroTca paccjioeHHbie 
MopcpH3MM. AHajiH3 cjiojKHBHieiiCH CHTyainin pa3o6jia x iaeT MH(p, c KOTopMM ft cno- 
kohho jkhji Bee ro,a;M. To^Hee, r Bcer,n;a nMTajica noHHTb, ^to h3 ce6a npeflCTaBjiaeT 
6a3a nocjiofiHoro OTo6pa»ceHHH. 5lBjiaeTCfl jih sto OTo6pa>KeHHe HH-beKinieii, hjih 
oho mojkbt 6biTb npoH3BOJibHMM. Hh oflHO onpe,n,e.neHHe He flaeT hchoto OTBeTa Ha 
stot Bonpoc. Jlfl-ft npocTOTM BoenpHHTHH ft nanaraji, ^to 6a3a nocjiofiHoro OTo6pa- 
»ceHHH HBJiaeTCH HH-beKinieii. Ha caMOM ,a;e.ne, pa3 xapaKTep OTo6pa»ceHHH 6a3M He 
oroBopeH, sto OTo6pa»ceHHe MoaceT 6biTb npoH3BOJibHMM. 9to npHBO^HT k 6ojiee 
ninpoKOMy onpe,a;ejieHHio (onpe,a;ejieHHe [2]-2.2) ,a;eKapT0Ba npoH3Be,n;eHHfl paccjioe- 
hhh. C flpyroii ctopohm, onpe,n;ejieHHe [2]-2.2 npHBOflHT k Tpy^HOCTHM b onpe,a;ejie- 

HHH paCCJIOeHHMX ajire6p. 9T0 npHBOflHT K Heo6xOflHMOCTH nOJIb30BaTbCfl ^ByMfl 

onpe^ejieHHHMH ^exapTOBa npoH3BefleHHfl paccjioeHHfl. AHajiorHHHbie coo6pa»ce- 
Hia npHBOflHT k flByM onpe,a;ejieHHflM paccjioeHHoro cootb6tctbhh. 

B KOHu;e kohh;ob h BepHyjica k OTHonieHHio SKBHBajieHTHOCTH. Ho moi Tpyfl He 
nponaji ,a;apoM. Moii B3rjiH,i; Ha npo6jieMy h3M6hhjich. 

^A3apT oxoth - OflHa H3 caMHx chjibhhx CTpacTeit lejiOBeiecTBa. H jiobjikj ce6a Ha tom, ito 
51 nocTOHHHO peinaio hobbig ^jth MeHa 3a^aHH. 

d HacTHOCTH, mbi onpe^eji5ieM paccjioeHHoe OTHonieHHe, onpe^ejisisi OTHOineHHe b cjioe 
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Ife onpe,a;ejieHHfl 2.2 cne^yeT, hto noHHTHe HenpepMBHOCTii HBjiaeTca cymecTBeH- 
hoh komiiohghtoh onpe,a;ejieHHH paccjioeHHoro cootb6tctbhh. Hcjiep, 3a sthm onpe- 
^ejieHHeM h pasiHCHHio, hto 03HanaeT HenpepbiBHOCTb cootb6tctbhh. 

06o3HaHeHHH onepan,HH h OTHOineHHii no bo3mojkhocth coxpairaiOTCfl xax ohh 
BBe,a;eHbi b Teopiin mho^kgctb. 9to He iiphbo^ht k He,n;opa3yMeHHHM, Tax Kax 060- 
3HaHeHHH paccjioeHHH otjihhhm ot o6o3HaHeHHii MHoacecTB. JXps. o6o3HaHeHHH pac- 
cjioeHHH h cjioh ft 6ya;y nojib30BaTbCH o,h;hoh h toh »ce 6yKB0H b pa3Hbix ajicpaBHTax. 

IIpoeKHHfl paccjioeHHH, cenemie, Mop<pH3M paccnoeHHii npejrnojiaraiOTCfl Henpe- 

pblBHblMH 0T06pa»CeHHflMH. 

B MaTeMaTHHecKoii jiHTepaType cymecTByeT ,n,Be Tpa^HHHH 3anncbiBaTb npoH3- 
Be,a;eHHe OTo6pa;«eHHH h cootbctctbhh. Ojj;hh aBTopbi 3anHCMBaiOT npoH3Be,a;eHHe 
OTo6pa»ceHHii b tom nopa^Ke, b KaKOM CTpejiKH cjiejjyiOT Ha ^narpaMe. /Jpyrne 
aBTopbi npe^noHHTaiOT 3anncbiBaTb OTo6pa»ceHHH b npoTHBonojiojKHOM nopa^Ke. 
Ilpn HTeHHH CTaTeii h KHiir Haflo nepBMM ,a;ejiOM o6pamaTb bhhmclhhg, KaKoii no- 
pa^OK coMHOJKHTejieii ncnojib3yeT aBTop. 

CnTyanHH CTaHOBHTca npome, Peoria aBTop 3anHCMBaeT ^eiicTBHe OTo6pa»ceHHfl 
Ha MHO»cecTBO. B stom cnynae aBTop 3anHCbiBaeT MHO»cecTBO h OTo6pa»ceHHe b 
TaKOM nopajjKe, hto paccTaBHB cko6kh, mm naiiyHHM npaBHjibHbra nopa,n;oK. Ha- 
npHMep, paccMOTpnM ^narpaMMy 

/ a 

h nycTb D C A, Ecjih mm npoH3Be,n,eHHe OTo6pa»ceHHH 3anHCMBaeM b BH^,e /<?, to 
o6pa3 MHoacecTBa D HMeeT bh^ Dfg = (Df)g. Ecjih mm npoH3Bejj,eHHe OTo6pa»ce- 
hhh 3anHCMBaeM b BH,a;e gf ', to o6pa3 MHO»cecTBa D HMeeT bh,u; gfD = g(fD). 

3to h HBjiaeTca Moeii OTnpaBHoii tohkoh. Onnpaacb Ha corjianieHne H3 3aMena- 
iraa [1]-2.2.14, a 6y,a;y npe,a;nojiaraTb B03MO>KHOCTb HHTaTb Bbipa»ceHHe xax cnpaBa 
HajieBO, Tax h cjieBa HanpaBO. 

1. COOTBETCTBHE 

Onpe,n;ejieHHe 1.1. IlycTb jjaHa JxiiarpaMMa 

3' 




CTpejiKH KOTOpOH H3o6pajKaK3T COOTBeTCTBHH. /^HarpaMMa COOTBeTCTBHH Ha- 

3MBaeTca KOMMyTaTHBHoii, ecjin o6pa3 jno6oro no^MHOJKecTBa MHoacecTBa A b 
MHO»cecTBe D He 3aBHCHT ot nyra b .zniarpaMMe. □ 

B onpe,a;ejieHHH KaTeropnn mm He yTOHHaeM, aBjiaeTca jih Mop(pH3M OTo6pa- 
»ceHHeM. IlosTOMy mm MOJKeM H3ynaTb KaTeropnio, o6 r beKTaMH KOTopoii hbjihiotch 
MHOJKecTBa, a MopcpH3MaMH - COOTBeTCTBHH H3 oiiHoro MHO»cecTBa b ,o,pyroe. 

Onpe,n;ejieHHe 1.2. IlycTb $ - cooTBeTCTBHe H3 MHoacecTBa A b mhojkcctbo B. 
IlycTb CCA. Mm 6ya;eM roBopHTb, hto cooTBeTCTBHe 

<P/C={(c,b) £$:c£ C} 
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HBjiaeTCH cyaceHHeM cootbgtctbhh $ Ha MHoacecTBO C. 3 Cootbgtctbhg <fr 
Ha3MBaeTCH npo,n;oji>KeHHeM cootbgtctbhh <f>/C. □ 

Onpe^ejieHHe 1.3. IIpeflnojiojKHM, hto Ha MHO»cecTBax A h B onpe^ejieHa to- 
nojiorna. 

Cootbgtctbhg <& H3 MHOJKGCTBa A b mhojkgctbo B Ha3biBa6Tca HenpeptiBHtiM 
Ha MHo»cecTBe C C A, gcjih rilr jiio6oro OTKpbiToro MHOJKGCTBa V, $C cFcB, 

CymGCTByGT OTKpblTOG MH0JK6CTB0 U , C C U C A, TaKOG, HTO C V. 

CooTBeTCTBHe $ H3 MHO»cecTBa A b MHOJKecTBO B Ha3biBaeTCH HenpepBiBHBiM, 

ecjiH fljiR jno6oro OTKpbiToro MHoacecTBa V C B cymecTByeT OTKpbiToe MHO»cecTBa 
U C A TaxoG, hto C V. □ 

CjiGflya [6], a onpGflGJiaio HGnpcpbiBHOCTb, onnpaacb Ha hohhthg npGflGJia no 
(pHjibTpy. Tax Kax o6pa3 npn cootbgtctbhh hbjihgtch hg tohkoh, a mhojkgctbom, 
onpe^ejieHHH h TeopeMbi cjierKa H3MeHeHbi. 

Onpe^ejieHHe 1.4. IlycTb X - TonojiorHnecKoe npoerpaHCTBO. IlycTb $ - (pHJibTp 
b X. Mhojkgctbo A C X Ha3biBaiOT npe,n;ejibHbiM MHoacecTBOM hjih npe,n;ejioM 

cpHJiBTpa J, gcjih $ MajKopnpyGT (pHJibTp 25(A) okpgcthoctgh MHOJKGCTBa A. To- 

BOpaT TaKJKG, ^TO (pHJibTp J CXOflHTCH K A, $ — > A. 

MHOJKecTBO A Ha3biBaiOT npe^ejiOM 6a3nca (pHJibTpa !8b1h roBopaT, ^to 25 

CXO^HTCH K A, eCJIH (pHJibTp C 6a3HCOM 25 CXOflHTCH K A. □ 

TeopeMa 1.5. ,LS,jisi mozo nmo6u 6a3uc (fiuAbmpa 25 e monoAozunecKOM npocmpan- 
cmee X cxodumcM k Muootcecmey A C X , ueo6xoduMO u docmamoHHO, nmo6u 
ecsiKoe MHoafcecmeo U3 (fiyndaMeHmajibHou cucmeMU OKpecmnocmeu MHoatcecmea 
X codepotcaAO Mnowcecmeo U3 25. 

J^OKasameAbcmeo. Ecjih (pHJibTp J cxo,n,HTca k MHO»cecTBy A, to b cnjiy onpe^e- 

JIGHHH 1.4 BCHKHH (pHJibTp, MaXOpHpyiODXHH TaKJKG CXOflHTCH K A. ITyCTb $ - 
MHOJKGCTBO (pHJIbTpOB B X , CXOflHIUHXCa K MHOJKGCTBy A. TaK KaK (pHJibTp OKpGCT- 

hoctgh 25(A) MajKopnpyGTca KajKflbiM (pnjibTpoM H3 $, to 25(A) MajKopnpyGTca 
hx nepecenemieM ©. Cjie^OBaTejibHO, <S cxo,n,HTca k MHoacecTBy A. □ 

Onpe^ejieHHe 1.6. IlycTb $ - cooTBeTCTBHe H3 MHOJKecTBa X b TonojiorHiecKoe 
npocTpaHCTBO Y. IlycTb $ — > A - (pHJibTp b X. Mhojkgctbo B C Y Ha3MBaiOT 
npe^ejioM cootbgtctbhh no (pHJiBTpy $ 

lim $(£) = B 

gcjih 6a3HC (pHJibTpa $(5") cxo^htch k B. □ 

TeopeMa 1.7. JJ^am, mozo umo6u MHOotcecmeo B C Y 6ujio npedejiOM coomeem- 
cmeuM $ no (fiujibmpy ueo6xoduMO u docmamonno, nmo6u Sjim, jiw6ou OKpecm- 
Hocmu V MHoatcecmea B e Y cyuificmeoeajio manoe MHOCHcecmeo M € umo 
$M C V. 

J],OKa3amejibcmeo. Cjie^CTBHe onpe^ejieHHa 1.6 h TeopeMbi 1.5. □ 

TeopeMa 1.8. J^am, mozo umo6u coomeemcmeusi <I> U3 monojiozuHecKozo npo- 
cmpaHcmea X e monojiozuHecKoe npocmpaucmeo Y 6uao uenpepueuo ua mho- 
otcecmee A C X , ueo6xoduMO u docmamoHHO, nmo6u 

lim = $A 



^OnpeflejieHHe flaHO no aHajiorHH c onpeflejieHiieM b [5], c. 92 
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JJoKa,3amejibcmeo. CneflCTBiie onpe^ejieHHfl 1.3 h TeopeMbi 1.7. □ 

IlycTb $ - HenpepMBHoe cooTBeTCTBue H3 Tonojiorn^ecKoro npocTpaHCTBa X b 
Tonojiorn^ecKoe npocTpaHCTBO Y. IlycTb (a, b) G $. IIojiojkhm V CY - OTKpbiToe 
MHO»cecTBO, ${a} cF.B ^acTHOCTH, b E V. CorjiacHO onpe^ejieHHK) 1.3 cymecTBy- 
eT OTKpbiToe MHoacecTBO U C X , a £ C/ , $[/ C V. Cjie,a;oBaTejibHO, cymecTByioT 
a' £U,b' £ V, (a', b') E 

2. Paccjtoehhoe COOTBETCTBHE 

Onpe^ejieHHe 2.1. IlycTb a[yl] : „4 >■ h fr[-B] : £> >■ M - paccjioeHHfl. 

IlycTb MopcpH3M paccjioeHHii onpe,n;ejieH ^narpaMMoii 

A 

I i 

I a[A] | b[B] 

y p v 
TV >■ M 

T%e OTo6pa>KeHHH / h F HH'bGKTHBHM. Tor^a mm Ha3biBaeM paccjioeHne a [A] pac- 
cjioeHHMM no^MHOxecTBOM hjih ncmpaccjioemieM paccnoeHHa b[B], Mm 6y- 
fleM TaK»ce nojib30BaTbca 3anHCbio a[A] C 6[£?] jih6o A B. 

Ecjih Ha MHO»cecTBax An B onpe^ejieHa J-'-ajireGpa h OTo6pa:sceHHe / HBjiaeTCfl 
roMOMop(pH3MOM paccjioeHHbix ajire6p, to paccjioemie a[A] Ha3MBaeTca paccnoe-H- 
hoh no,a;ajire6poH paccjioeHHoii ajire6pbi b\B]. □ 

He Hapyinaa o6iithocth, mm mo)K6m nojiaraTb A <Z B, N C M. 

Onpe^ejieHHe 2.2. IlycTb a[A] : A >■ M h b[B] : B > jV - paccjioeHHa. 

PaccjioeHHoe no,ii;MHO>KecTBO /[F] : ^ $ paccnoeHiiH AxB Ha3MBaeTca pac- 

CJIOeHHblM COOTBeTCTBHeM H3 A B B. 

Ecjih A = B, paccjioeHHoe cooTBeTCTBHe T Ha3MBaeTca paccnoeHHbiM coot- 

BeTCTBHeM B A. □ 

CorjiacHO onpe^ejieHHHM 2.1 h 2.2 paccjioeHHoe cootb6tctbh6 mcokbt 6biTb npe^,- 
CTaBJieHO c noMOHTbio flnarpaMMM 

(2.1) T ^xE 

/ \ 
/ \ 
/ I 

f[F] a[A]\ X \b[B] 

\ I 

\ / 

Y 'H If 

$ M x N 

r^e i h j - HenpepMBHbie HHtGKi(iin. Mm nojiaraeM, hto MHO»cecTBO U C <& otkpmto 
Tor^a h TOJibKO Tor,n,a, scoria cymecTByeT OTKpbiToe MHO»cecTBO V C M x N Taitoe, 
hto U = V n <&. Mm nojiaraeM, hto MHO»cecTBO U CL T otkpmto Tor^a h TOJibKO 
Tor,i;a, Kor,i;a cymecTByeT otkpmtog mho^kgctbo V C A x B Taxoe, ^to U = V D J-. 

Mm 6yn;eM Ha3MBaTb cootbgtctbhg <I> 6a3oft paccjioeHHoro cootbgtctbhh !F, 
h paccjioeHHoe cooTBeTCTBHe J- mm 6yo,eM HasbmaTb jincpTOM cooTBeTCTBHa $. 
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Mm 6yjj;6M nanb30BaTbCH ,a;HarpaMMaMH paccnoGHHbix cootbgtctbhh TaiQKe, KaK 
mm nojib3yeMCH flHarpaMMaMH OTo6pa)K6HHH h cootbgtctbhh. Ilpn stom mm mo- 
jkgm ^onojiHHTejibHO yxa3aTb Ha jrnarpaMMG npoGKiniio Ha 6a3y. TaKHM o6pa30M 
paccjioeHHoe cootbgtctbhg mojkgt 6biTb Tax jkg npe^CTaBJieHO c noMombio 
rpaMMM 

(2.2) A Pm : g 

l l 

I a p[F] | b 

Y Y 

M ! *■ N 



Bbi6op ^HarpaMMM (2.1) hjih (2.2) 6yn,6T 3aBnceTb ot 3a#aHH, KOTopyro mm penia- 
eM. 

Hto6m H3yHaTb paccjioeHHoe cootbgtctbhg H3 A b B, h 6yny nanb30BaTbCH xap- 
TaMH MHoroo6pa3Hii M h TV, b kotopmx o6a pacciioGHHH TpHBHajibHM. 9to no3BO- 
jiht, He Hapyniaa o6iii;hocth, b flGTajiax H3ynHTb paccjioeHHbie cootbgtctbhh . 

CorjiacHO onpe^ejieHHK) [2]-2.2, pjin npoH3BOJibHbix x G M, y G N tohkh cjioh 
(A x B)( x y ) paccjioemia ^1x6 mojkho npe^CTaBHTb b (popMG KopTGJKa (a;, y,p, q), 
p G A x , q G By. CorjiacHO HanieMy ^onymGHHio, $ C M x N, F C A x B. 
Cjie,a;oBaTejibHO, mm mojkgm paccMaTpHBaTb <I> xax cootbgtctbhg h3 M b N h F 
KaK cootbgtctbhg h3 ^4 b B. B HacTHOCTH, Fi x ^y) Q A x x By. ToHKa (x,p) G A 

HaXOflHTCH B COOTBGTCTBHH T C TOHKOH (jj, q) G £>, 6CJIH TOHKa X G M HaXOflHTCH B 
COOTBGTCTBHH $ C TOHKOH y G TV H TOHKa J> G Ac HaXOflHTCH B COOTBGTCTBHH F^ xy ) 
C TOHKOH <7 G -By. 

CooTBeTCTBHe b cjiog 3aBHCHT ot Bbi6opa cjiofl. HanpHMep, nycTb 3ajxaHM pac- 

cjioghhh a[R] : A s- R 2 h b[R] : B ^ R . IlycTb (x, y) G M = R 2 h z G 

N = R. ByjreM nonaraTb, hto Tonxa (x,y,p) G ^4 Haxo,a,HTCfl b cootbgtctbhh T c 
tohkoh (z,q) G 6, gcjih q mojkho npc^CTaBHTb b bhjjg 

q = (z 2 + x 2 + y 2 + p 2 + l)n 

r^G n - npoH3BOJibHOG h,6jiog hhcjio. B pa3Hbix cjiohx othohighhg pa3JiHHHO, OflHaKO 
mm mojkgm onpcflGJiHTb 6hgkhhio MGJKfly F h Ffx y g) flJia npoH3BOJibHoro cjioh. 4 

PaCCMOTpHM MHOJKGCTBO T(J-). ECJIH MM Bbl66p6M TpHBHajIH3aHHH paCCJIOGHHH 
A H B 7 TO MM MOJK6M npGflCTaBHTb 3JI6M6HT T(^ r ) B BHflG (l, y,p(x), ?(?/))■ Hc60JIb- 

Hiaa ncpGCTaHOBKa sjigmghtob npHBOiiHT k 3anncH ((a;,p(x)), (y, q(y))). Bo3miKa- 

eT 0HI,yHI,6HH6, HTO MM 3anHCajIH COOTBGTCTBHG H3 MHOJKGCTBa T(A) B MHOJKGCTBO 

r(B). OflHaxo 3to H6 Tax. 3acpHKCHpy6M x. Tor^a koptgjk (y,q(y)) npn h3mghg- 
hhh y nopojK,n;a6T cghghhg q G r(£>). TaK KaK sto cghghhg 3aBHCHT ot Bbi6opa 

napbl (x,p(x)), TO MM H6 MOJKGM yCTaHOBHTb COOTBGTCTBHH H3 MHOJKGCTBa T(A) B 
MHOJKGCTBO r(S). 

PaCCJIOGHHOG COOTBGTCTBHG TGpHGT HGKOTOpbIG BajKHMG CBOHCTBa COOTBGTCTBHH. 
HanpHMGp, GCJIH C C A H $ - COOTBGTCTBHG H3 A B 73, TO MM MO}K6M OnpG^,GJIHTb 

o6pa3 MHOJKGCTBa C npn cootbgtctbhh <!> c noMOin,bio paBGHCTBa 

$(7={kB:(a,!))6$,ae C} 



JlerKO BH^eTb, hto HeSojibinoe H3MeHeHHe b cootbgtctbhh MomeT npHBecTH k TOMy, hto b 
HeKOTopi>ix cjiohx cooTBeTCTBHe 6y,n;eT BBipo^c^eHO. 
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OflHaxo b cnynae paccjioeHHoro coothoiiighhh o6pa3 paconoeHiifl, BOo6in,e roBopa, 
paccjioeHHeM He HBjiaeTca. IIpHHHHa coctoht b tom, hto cymecTByeT B03MO»cHOCTb, 
hto (xi,y) G 3>, (x2,y) S Ilpn 3tom, BOo6me roBopa, 

XOTH 

Cjie^CTBiieM SToro HBjiaeTCH HeB03MOJKHOCTb onpe^ejiHTb b o6in,eM cnynae npo- 
H3Be,n;eHHe paccjioeHHbix cootb6tctbhh. AHajiorn^Hoe yTBep»c,i];eHHe cnpaBefljiHBO 

flJIH MOp(pH3MOB paCCJIOeHHH, eCJIH 6a3a MOp(pH3Ma He HBJLHeTCH HHieKinieii. 

TeopeMa 2.3. Ilycmb onpedejienu paccjioennoe coomeemcmeue T 

T 



A — 

i 

\p[A] 
Y 

M — 



s\F] 



I 



■6 

i 

?[- 

Y 

AT 



M3 paccjioenuM A e paccjioenue B, 6a,3a f nomoposo nejinemcn umeKu^eu. Ilycmb 
paccjioenue 

a[C] :C--*L 

nejinemcsi nodpaccjioenueM paccjioenusi A. Mu onpedejiuM o6pa3 paccjioenue C npu 
paccjioennoM coomeemcmeuu T cozjiacno paeencmey 

TC = {(y,b) :y e N, 3x e M,y = f(x), 

beB y ,3ae A x ,(a,b) £ F( x , y )} 

06pa3 paccjwenua, C npu paccjioennoM coomeemcmeuu T siejisiemcsi nodpaccjioe- 
HueM paccjioenusi B. 

fl^oKaaamejibcmeo. Hto 6m ,n,OKa3aTb yTBepac^eHHe, mm ,h;oji}khm noxasaTb, hto Bee 
D y = F^ y-jCx roMeoMopcpHM. 

PaccMOTpHM cjie^yromyio ^narpaMMy 




F(x ,y) @x 



J, Jy - HHieKUHH, 



D = FC 

I, n - 6HeKD,HH. HaM Ha,a;o ,n,OKa3aTb, hto m - 6HeKinifl. 
Mm npe^nojiaraeM, hto b Bbi6paHHOM cjioe cooTBeTCTBne F - He BbipojK,a;eHO. 

BHeKHira I osHa^aeT, hto mm mojkbm nepeHyMepoBaTb tohkh MHOJKecTBa A x 
TOHKaMM MHO»cecTBa A. BneKinia k 03HaHaeT, hto mm mojkbm nepeHyMepoBaTb 
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tohkh MHOJKecTBa C x TOHKaMi MHOJKecTBa C. HHieKijHH i 03HaHaeT, hto C C 
A. HHteKiiKH i x osHa^aeT, hto C x C A x . CueflOBaTejibHO, ajih KajK^oii tohkh 
p G A 0flH03HaHH0 onpe^ejieHa TOHKa p x € A x . KoMMyraTHBHOCTb fliarpaMMH (1) 
03HaHaeT, hto 

(2.3) P eC^p x £C x 

BneKirHH n 03HanaeT, hto Mbi mokgm nepeHyMepoBaTb tohkh MHoacecTBa B x 

TOTKaMH MHOJKeCTBa B. HHieKUHH j 03HaHaeT, HTO D <Z B. HH-beKIIMH jy osHa^aeT, 

hto Dy C J3y. Cjie^OBaTejibHO, fljifl KajK^ofi tohkh q <E B 0flH03HaHH0 onpe^ejieHa 
TOHKa q y G By. 

BneKUHH I h n h KOMMyTaTHBHOCTb flnarpaMMbi (5) osHanaeT, hto mm MO»ceM 
nepeHyMepoBaTb tohkh cootb6tctbhh F( Xjy \ TOHKaMH cootb6tctbhh F 5 

(2.4) (p, q)eF^ (p x , q y ) G F {x ^ 

Ho onpe,a;ejieHHio, (p, 9) G F/C, eonnp G C h (p, g) € F. CorjiacHO (2.3) p x G C x . 
CornacHO (2.4) (p Xl q y ) G F^ xy y Ho onpe/iejieHHio, (p x ,q y ) G F^ xy ^/C x . Cjie^OBa- 

TejIbHO, g y G -Dy, H 0T06pajKeHHe TO HBJIHeTCH HHT^KHHeH. □ 

TeopeMa 2.4. Ilycmb onpedejieuu paccAoennoe coomeemcmeue s[F] 

s[F] 

A — *- B 

1 1 

I P[A) I q[B] 

V t Y 

M >N 

U3 paccjioeuuM, A e paccAoeuue B u paccAoeimoe coomeemcmeue t[H] 

t[H] 

B 

1 1 

I q[B] I r[C] 

V h ¥ 

N >■ K 

U3 paccAoenuM B e paccAoewue C, u 6a3u paccAoennux coomeemcmeuu s[F] u t[H] 
fieAMwmcji UH-5eKV,UMMU. Mu onpedeAUM npoH3BefleHHe paccnoeHHbix coot- 

BeTCTBHH 6 H U T 

t[H] o s[F] = {(x, z, a, c) :x G M, z G K,3y G N,y = f(x),z = h(y), 

a G A x ,c G C z , 3b G B yi (a,b) G F( x ^, (b, c) G 



^TpeSoBaHne hgbbipojk^ghhocth cootbgtctbhh b cjiog ohghb Ba^KHO. Ecjih cootbgtctbiig b 
cjiog 6yfl6T BbipojKflGHO, to KOMMyTaTHBHOCTb flnarpaMMbi 6yfl6T HapymeHa. 

6 fljia cootbctctbhh $ h ^ np0H3BefleHHe onpeflejieHO flaace b tom cjiyiae, Kor^a $ - cootbct- 

CTBHG B MHO>KGCTBO B, a ^ - COOTBGTCTBHG H3 MHO^KGCTBa C . OflHaKO MBI HG HapyiHHM o6lI];HOCTH, 

GCjiH 6yfl6M nojiaraTb, hto $ - cooTBeTCTBHe b mhojkcctbo BnC, a - cootbctctbhc h3 MHoacecTBa 

BnC 3t0 n03BOJI5ieT yCTaHOBHTB CB5I3B Me^K^y npOH3BG^GHHGM COOTBGTCTBHH H npOH3BG^GHHGM 
paCCJIOGHHblX COOTBGTCTBHH. 
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^OKa3ameAbcmeo. PaccMOTpuM cjie,nyiOHiyio fliiarpaMMy 




k, I, n - 6iieKiiiiH. Mm npe^nojiaraeM, hto b Bbi6paHH0M cjioe cootbgtctbhg F - He 

BbipOJK^eHO. 

Tax »ce xax 11 b ,npKa3aTejibCTBe TeopeMbi 2.3 KOMMyTaTHBHOCTb BepTiiKajibHbix 
^narpaMM osiiaiaeT, hto mm MoaceM nepeiiyMepoBaTb tohki cootb6tctbiih F( x ,y) 

TOHKaMM COOTBeTCTBHH F, TOHKH COOTBeTCTBHH Hfy^ TOTKaMI COOTBeTCTBHH H, 
TOHKH COOTBeTCTBHH Gf X)Z ) TOTKaMI COOTBeTCTBHH G. 

KOMMyTaTHBHOCTb HHJKHeii j^narpaMMM osHa^aeT, hto G = H o F. KoMMyTa- 
THBHOCTb BepxHeii jj;HarpaMMM osHaiaeT, hto Gr X)Z ) = H( y . z ) ° F(x,y)- ^ 

TeopeMa 2.5. IJycmb s[F] - paccjioenHoe coomeemcmeue U3 paccjioeuuM A e pac- 
cjioenue B, t[H] - paccjioennoe coomeemcmeue U3 paccjioeuuM, B e paccjioenue C u 
r[G] - paccjioewnoe coomeemcmeue U3 paccjioenusi C e paccjioenue V. Ecjiu onpe- 
dejienu npou3eedenusi paccjioennux coomeemcmeuu 

(2.5) t[H] o s[F] 
u 

(2.6) r[G]ot[H] 

mo man otce onpedejienu npou3eedenuji r[G] o (t[H] o s[Fj) u (r\G\ o t[H\) o s[F] . B 
amoM cjiyuae npou3eedenue paccjioeHuux coomeemcmeuu ydoejiemeopaem 3aKOHy 

aCCOIJHaTHBHOCTH 

r[G] o (t[H] o s[F]) = {r[G) o t[H}) o s[F] 

fl,OKa3amejibcmeo. CyniecTBOBaHHe npoH3BejreHHii (2.5) h (2.6) 03HanaeT, hto 6a3a 
/ paccjioeHHoro cootb6tctbhh s[F), 6a3a h paccnoeHHoro cootb6tctbhh t[H] h 6a3a 
g paccjioeHHoro cootb6tctbhh r[G] hbjihiotch HffbeKiiHHMH. ITpn stom onpe,nejieHM 
npoH3Be,n;eHHH OTo6pa»ceHHH ho f h goh, KOTopbie Taitsce hbjihiotch HHTjeKiiHHMH. 
Cjie^OBaTejibHO, onpeflejieHM npoH3Be,neHHH OTo6pa»ceHHH g o (h o /) h (g o h) o /, 

KOTOpbie HBJIHIOTCH HHTjeKHHHMH H yH,OBJieTBOpHK)T paBeHCTBy 

go(hof) = (g oh) of 

CjiejjOBaTejibHO, onpejjejieHO OTo6pa»ceHHe 6a3M paccjioeHHH A b 6a3y paccjioeHHH 
T>, ii 9to OTo6pa»ceHHe hbjihctch HHTjeioiHeii. 

CymecTBOBaHne npoH3Be#eHHH (2.5) h (2.6) osHaiaeT, ito cymecTByeT npoH3- 
Bejj;eHHe cootb6tctbhh HoF h GoH. Cjie,n,OBaTejibHO, cymecTByiOT npoH3Bejj,eHHH 
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cootbgtctbhh G o (H of)n(Go H) o F , KOTopbie yflOBjieTBopaiOT 3aKOHy accoinia- 
thbhocth. CjieflOBaTejibHO, cootbgtctbhg h3 cjioh paccjioeHHH A b cjioh paccjioeHHH 
T> onpe,a;ejieHO o,n,H03HaHHO. □ 

Onpe^ejieHHe 2.6. IlycTb s[F] : T >■ / - paccjioeHHoe cooTBeTCTBiie 

A t 

1 I 1 

I P s[F] \q 

V Y 
M J -TV 

H3 paccjioeHHH „4 b paccjioeHne B h OTo6pajKeHHe / HBJineTCH HH-beKinieii. Tor^a 
onpe^,ejieHO o6paTHoe paccjioeHHoe cooTBeTCTBHe s[F _1 ] : T^ 1 >■ f- 1 

B n -.4 

1 i 1 

IP sIF" 1 ] 19 

Y Y 
N \ M 

f- 1 

□ 

Onpe^ejieHHe 2.7. IlycTb p[A] : A — M - paccjioeHne. PaccjioeHHoe coot- 

BeTCTBHe 

r A [A A ] :A A --^A M 
rne npoeianifl r& [A a] onpe^,ejieHa paBeHCTBOM 

rA((x,p), (x,p)) = (x,x) 
Ha3biBaeTca flHaroHajibio b paccjioeHHH A. □ 

TeopeMa 2.8. Ilycmb T - paccjioewnoe coomeemcmeue U3 paccjioenuM, A e pac- 
cjioenue B, H - paccjioeHHoe coomeemcmeue U3 paccjioenuM, B e paccjioeuue C, npo- 
enuuu paccjioewnux coomeemcmeuu T uH. sieMimmcn uh5cku.usimu. Cjiedymu^ue 
mocHcdecmea cnpaeedjiueu 3am paccjioennux coomeemcmeuu T uTL 

(Hot)- 1 = r 1 or 1 

T o A A = A B oT = T 

JHoKa3ameAbcmeo. ^oxasaTejibCTBO TeopeMbi aHajiorHHHO ,n,OKa3aTejibCTBy Teope- 
mm 2.5. KajK,a;oe yTBep^K^eHHe npoBepneTCH Ha 6a3e h b cjioe. □ 

3. PACCJIOEHHOE COOTBETCTBHE rOMOMOP<J>H3MA 

^onycTHM (pyHKiniH nepexona f a p onpe,n,ejifliOT paccjioeHne A Hajj; 6a3ofi M. 
PaccMOTpHM xapTbi U a £ M h Up £ M, U a n Up ^ 0. ToHKa p £ A HMeeT 
npefleraBjieHHe (x,p a ) b KapTe U a h npe,a;cTaBjieHHe (x,pp) b KapTe Up. /JonycTHM 
(pyHKiniH nepexo,n;a g e s onpe,a;ejiaiOT paccjioeHne B n&R 6a3ofi N. PaccMOTpHM xap- 
Tbi V e £ N h Vs £ N, V e fl Vs 0. Tonica q £ B HMeeT npeflCTaBJieHHe (y,q e ) b 
KapTe V e h npeji,CTaBJieHHe (y,qs) b KapTe Vs. Cjie,n,OBaTejibHO, 

Pa = fapipp) 
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Qe = 9es(qs) 

IIpeflCTaBJieHHe cootb6tctbhh npn nepexo^e ot KapTM U a k xapTe Up n ot KapTM 
V t k KapTe V$ H3MeHaeTCH corjiacHO 3aKOHy 

{x,y,p a ,q e ) = {x,y,f a /3(pp),9es(qs)) 

9to corjiacyeTca c npeo6pa30BaHHeM npn nepexcyje ot xapTbi U a X V e k KapTe 
Up x Vs b paccjioeHHH Ax B. 

3to ^eiicTBHTejibHO HeoGbiiHbin (paKT. Ecjih Ha ajire6pe onpe^,ejieHa xoTb o^Ha 
onepanHfl, yace ^ocTaTO^HO noTpe6oBaTb, hto6m (pyHKHHH nepexo^a 6mjih tomo- 
MopcpH3MaMH ajire6pbi. A 3flecb npoH3BOJibHbie (pyHKHHH nepexo,a;a, npoiOBOJibHoe 
cooTBeTCTBne. H Bee b nopa/nte. 

B OTJin^ne ot onepainin e^HHCTBeiiHoe cbohctbo, KOTopoe cootb6tctbh6 coxpa- 
HaeT, - 3to npHHa^jiejKHOCTb to^kh HexoTopoMy MHOJKecTBy. H ,a;o Tex nop, noKa 

MM HMeeM fl/SJlO C B3aiIMHO O^HOSHa^HblMH OTo6pajKeHHHMH, HeT OCHOBaHHH HC- 

KaTb orpaHH^eHHH Ha ran OTo6pa»ceHHH. C ^pyroii ctopohm, onepaunfl b ajire6pe 
mojkbt 6biTb npe,a;cTaBjieHa b BH,i;e cootb6tctbhh. Hanpniviep, b BeKTopHOM npo- 
CTpaHCTBe mm MO»ceM paccMOTpeTb cooTBeTCTBHe BeKTopa a b BeKTop b Taxoe, HTO 
a = 36. JlnHeimoe npeo6pa30BaHHe no onpe,n,ejieHHio coxpaHaeT 3to cooTBeTCTBHe. 
Hto npoH30H^eT b cjiy^ae HejniHeHHoro npeo6pa30BaHHfl. ^onycTHM mm npnMe- 
hhm npeo6pa30BaHne KOop^HHaT ch — > af. CoxpaHHTCH jih jniHeimoe OTHonieHne 
MejK^y BeKTopaMH? HeT. CoxpaHHTca jih caMO cooTBeTCTBHe? /^a, xoth Bbipa»ceHO 
oho 6ya;eT HHane. BeKTopM ocTajincb Te »ce, HecMOTpa Ha H3MeHeHHe KOop/niHaT. 

OTCio/ia BMBOfl, ^to TOJibKO b cjiy^ae HajioaceHHfl Ha cooTBeTCTBne cneuHajibHbix 
orpaHHHeHHii, mm HaKJia^MBaeM orpaHn^eHna Ha (pyHKHHH nepexo^a. 

Onpe,n;ejieHHe 3.1. CooTBeTCTBne $ H3 J r -ajire6pM A b JT-ajire6py B Ha3MBaeT- 
ch cooTBeTCTBHeM roMOMopcpH3Ma, ecjiH ,u;jih KajKfloii n-apHoii onepauHH lu h 
jno6oro Ha6opa ajieMeHTOB 01, a n G A, b%, b n e B Taxnx, hto 

(ai,6i) G (a„,6„) G $ 

cnpaBefljinBO 

(u(ai, ...,a n ),u(bi, ...,bn)) G $ 

□ 

Onpe^ejieHHe 3.2. CooTBeTCTBne $ H3 J r -ajire6pbi A b JF-ajire6py B Ha3MBaeTCH 
paccjioeHHBiM cooTBeTCTBHeM roMOMopcJ)H3Ma, ecjin fljia KajKfloii n-apHOH 
onepauHH u n jno6oro Ha6opa ajieMeHTOB oi, a n G A, b\, b n G B Taxnx, hto 

(01,61) G $, (a n ,b„) G * 

cnpaBefljiHBO 

(w(ai, ...,a n ),ui(bx, ...,b n )) G $ 

□ 

4. IIPHBEflEHHOE PACCJIOEHHOE COOTBETCTBHE 

Onpe^ejieHHe 4.1. IlycTb a [A] : A >■ M H &[£?] : S - paccjioeHHH 

Hafl 6a3oii M. PaccjioeHHoe noflMHoacecTBO f[F] : T >■ N paccjioeHHH AQ B 

Ha3MBaeTca npHBefleHHHM paccjioeHHBiM cooTBeTCTBHeM H3 A b B. 

Ecjih A = B, npHBe,n;eHHoe paccjioeHHoe cooTBeTCTBHe J- Ha3MBeTca npHBe,n;eH- 

HBIM paCCJIOeHHblM COOTBeTCTBHeM B A. □ 
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CorjiacHO onpeflejiemraM 2.1 h 4.1 npHBefleHHoe paccjioeHHoe cootbgtctbhg mo- 
jkgt 6biTb npeflCTaBjieHO c noMombio ^narpaMMM 

(4.1) T ^A&B 

i \ 
i \ 
i \ 

f[F]\ o[A]| \b[B] 

\ I 
\ / 

y ^ t 

M »-M 

r^e j - HenpepbiBHaa HHieKUHH. Mm nojiaraeM, hto mhojkgctbo U d T otkpmto 
Tor^a h TOJibKO Tor^a, Kor^a cymecTByeT OTKpbiToe mhojkgctbo V C A © B Taxoe, 

TOW = vnJ. 

IlpHBe,i];eHHoe paccjioeHHoe othoiiighug onpe,n;ejieHO tojibko jj;jih tohgk o,a;Horo 
cjioh. Hto6m H3ynaTb npHBe,n;eHHoe paccjioeHHoe cootbgtctbhg h3 A b B, si 6ypy 

nOJIb30BaTbCfl KapTaMH MHOrOo6pa3H3 M, B KOTOpblX o6a paCCJIOeHHfl TpHBHajIbHbl. 

3to no3BOJiHT, He Hapyniaa o6hjhocth, b ^eTajiax royHHTb npHBe^eHHbie paccjio- 

eHHbie COOTBeTCTBHH. 

CorjiacHO onpe,a;ejieHHio [2]-3.1, tohkh cjioh (A x B) x paccnoeHHH A&B mojkho 
npe,a;cTaBHTb b (popMe KopTenta (x,p,q), p G A x , q G B x . ToHKa (x,p) G A Ha- 
xo/hitch b npHBe^eHHOM paccjioeHHOM cootbctctbhh T c tohkoh (x, q) G B, ecjin 

X G N C M H TOHKa p G HaXOJTHTCH B COOTBeTCTBHH F x C TOHKOH q G 

Cjie^,OBaTejibHO, mm MoaceM paccMaTpHBaTb F x KaK cooTBeTCTBHe H3 b -B^. B 
^acraocTH, F x C A x x B x . 

IIocKOJibKy npHBefleHHoe paccjioeHHoe cootbctctbhc HacjiejjyeT Tonojiornio pac- 
cjioeHHH A(d B, to mm MoaceM npoaHajiH3HpoBaTb Kaxyio pojib nrpaeT TonanorHH 
npHBe^eHHoro paccnoeHHoro cootb6tctbhh. IlycTb TOHKap G A x Haxo,o,HTCH b coot- 
BeTCTBHH F x c tohkoh q G B x . IlycTb V C A(DB - OTKpbiToe MHoacecTBO Taxoe, HTO 
(x,p, q) G V. CorjiacHO [6], CTp. 58, cymecTByiOT OTKpMTbie MHoncecTBa U C M, 
V c Ax B Taxne, hto x G U, (p, q) G V OF. Cne^OBaTejibHO, cymecTByiOT x' G U, 
(p' , q') G V H F. Ecjih x 7^ x' , to mm mojkcm Bbipa3HTb 3tot (paKT KaK yTBepjKfle- 
Hne o HenpepbiBHoii 3aBHCHM0CTH COOTBeTCTBHH ot cjioh. O^HaKO H3 HenpepMBHoii 

3aBHCHMOCTH COOTBeTCTBHH OT CJIOH He CJie^yeT HenpepblBHOCTb COOTBeTCTBHH B 

cjioe. 

Teopeivia 4.2. JJmi npueedeuHozo paccjioenHozo coomeemcmeusi f[F] :T >■ N 

odno3HaHHO onpedejienu paccjioeHHoe coomeemcmeue f&[F]:J- ^A^r - Jiuqim 

duasoHciAit A 7v u u30MopqjU3M paccjioenuu 

(4.2) T >T 

l l 

I/a[F] \f[F] 
Y Y 

A N - 

Had 6a30u n : An — > N. 

JJ,OKa3amejibcmeo. CorjiacHO nocTpoeHHio, Fr x x \ = F x . □ 
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Mm 6yi;eM 3anHCMBaTb .zrnarpaMMy (4.2) b 6ojiee KOMnaKTHoii cpopMe 



T 



fA[F] 



/ 



\ 



flF] 



/ 



\ 



\ 



A 



Aw 



N 



TeopeMe 4.2 no3BOJiaeT nocTpoHTb ,n,Be KaTeropnii: 

• KaTeropM npHBe,n;eHHbix paccjioeHHbix cootbgtctbhh, o6 r beKTaMH 
KOTopoii hbjihiotch paccjioeHHH Hafl 3a^aHHOH 6a30H H MOp(pH3MaMH KOTO 
POH HBJIHIOTCH npHBe^,eHHbie paCCJIOeHHbie COOTBeTCTBHH 

• KaTeropM paccjioeHHbix cootbgtctbhh Ha^ ,n,HaroHajibio, o6i>eKTa- 
mh KOTopoii hbjihiotch paccjioeHHH Ha,a; 3aij;aHHOH 6a3ofi M h MopcpH3MaMH 
KOTopoii hbjihiotch paccjioeHHbie cootb6tctbhh 6a3a, kotopmx hbjihbtch 
fliiaroHajibio b M 

3>yHKTop MejK,i;y sthmi KaTeropHHMH onpe^ejieH TpHBnajibHMM o6pa30M. Oh oto6- 
pa»:aeT o6 r beKTM h MopcpH3MM b caMiix ce6n, o,a;HaKO b cjiy^ae MopcpH3MOB npoeK- 
ithh Ha 6a3y 3aMeHHeTCH npoeKHHeii Ha fliiaroHajib. 

3aMenaHue 4.3. H3 BbiHieH3JiojKeHHoro cjie^yeT, hto He Hapyniaa o6ihhocth mm mo- 
>KeM nojiojKHTb, hto N = M. Tax »ce xax b ceKHiiH [2]-5 mm MoaceM He yKa3MBaTb 
6a3y Ha ^narpaMMe npHBefleHHbix paccjioeHHbix coothohighhh. CorjiacHO TeopeMe 
4.2 ,n;jifl Hac He HMeeT SHaieHne Hcnojib3yeM jih mm b Ka^ecTBe 6a3M mhojk6ctbo M 

HJIH MHOJKeCTBO Am- D 

^onycTHM cpyHKHHH nepexo^a f a p onpe,n,ejifliOT paccjioeHHe A Ha^ 6a30H M h 
(pyHKHHH nepexo^a g a p onpe^ejiniOT paccjioeHHe B Ha^ 6a30H M. PaccMOTpnM Ha 
M pse KapTM U a h Up, U a C\ Up ^ . Toxica p G A HMeeT npeflCTaBjieHne (x,p a ) b 
xapTe U a h npeflCTaBjieHne (x,pp) b xapTe Up. ToHKa q G B HMeeT npe,a;cTaBjieHHe 
(x, q a ) b xapTe U a h npeflCTaBjieHne {x,qp) b xapTe Up. Cne^OBaTejibHO, 



IlpeflCTaBjieHHe cootb6tctbhh npn nepexo,n;e ot KapTM U a k xapTe Up h3M6hhiotch 
corjiacHO 3aKOHy 

{x,p a ,q a ) = {x,f a p(pp),g a p(qp)) 
9to corjiacyeTca c 3aKOHOM npeo6pa30BaHHH npn nepexo,n;e ot KapTM U a k xapTe 
Up b paccjioeHHH AO B. 

TeopeMa 4.4. Ecjiu onpedejieno npueedennoe paccAoeunoe coomeemcmeue T U3 
A e B, mo MHoatcecmeo T(T) onpedejixem coomeemcmeue U3 T(A) e T(B). 

JJoKa,3amejibcmeo. CorjiacHO saMeiaHHio [2]-3.2, ceHeHne paccjioeHHH A&B mojki-io 
npe,a;cTaBHTb b (popMe KopTe)Ka (f,g), rjj;e / ceHeHne paccjioeHHH A h g ceHeHne 
paccjioeHHH B. B KaxflOM cjioe f(x) G A x Haxo^HTCH b cootb6tctbhh F c g(x) G B x 
Tor/ia h TOJibKO Tor^a, xor^a ce^eHHe (/, g) G T(J-). □ 

CBoiicTBa npHBe,a;eHHoro paccjioeHHoro cootb6tctbhh 6jiH»ce k CBoficTBaM o6m x i- 

HOrO COOTBeTCTBHH. 



Pa = fap{Pl3) 
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Teopeiia 4.5. ITycmb onpedejieno npueedeunoe paccAoennoe coomeemcmeue T U3 
A e B, u paccjioenue A 1 C A. Mu onpedejiuM o6pa3 paccjioenue A 1 npu npueeden- 
hom coomeemcmeuu T cozAacno paeencmey 

TA' = {(x, b) : x e M, (a, b) G F x ,ae A x } 

06pa3 paccAoenun A' npu npueedennoM paccAoennoM coomeemcmeuu T neAnemcsi 
nodpaccjioenueM paccjioenusi B. 

JlftKaaamejibcmeo . PaccMOTpiiM 7 KOMMyTaTiiBHyio ^narpaMMy paccjioeHHbix coot- 

BeTCTBHH 

(4.3) 




B 3aBHCHMOCTH ot Bbi6paHHbix npoe-KiniH 9Ta ,a;HarpaMMa npeflCTaBjiseT B3an- 
MO^eiicTBHe npiiBejjeHHbix paccjioeHHbix cootbgtctbhh Hajj; 6a3oii M , jih6o B3aii- 
MO^,eiicTBHe paccjioeHHbix cootb6tctbhh Ha,n, 6a3oii Am- OflHaxo sto ojj,hh h Te 
xe cooTBeTCTBHH. Bee cooTHOineHHH, cnpaBejj,jiHBbie jj,jih 6a3bi Am, cnpaBejj,jiHBbi 
Tax»ce jjjih 6a3bi M. □ 

3aMenanue 4.6. /JnarpaMMa (4.3) BbirjiflflHT npocTO. OflHaKO, ecjin mm ee 3anHineM 
6e3 yH&ra 3aMeHaHHH 4.3, 9Ta jjnarpaMMa npnMeT bhjj; 




Ha ,a;HarpaMMe npnHHTO corjianieHHe 

tA(a, a) = (i(a),i(a)) 



□ 



TeopeMa 4.7. ITycmb onpedeAenu npueedeunoe paccAoennoe coomeemcmeue s[F] 
U3 paccAoeuuM A e paccjioenue B u npueedeunoe paccAoennoe coomeemcmeue t[H] 
U3 paccAoenuM, B e paccAoenue C. Mu onpedeAUM npoH3Bejj,eHHe npHBefleHHBix 
paccjioeHHBix cootbgtctbhh s[F] u t[H] 

t[H] o s[F] = {(x, a, c) : x G M, (a, b) G F x , (b, c) G H x } 



Mory cjiobo b cjiobo c toihoctbio flo o6o3HaieHHii itobtophtb flOKa3aTejibCTBO TeopeMBi 
2.3. O^HaKO 5i xony npuBecTH ^pyroe #OKa3aTejiBCTBO, hto6bi noKa3aTB Kan pa6oTaeT TeopeMa 
4.2. 
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JJ,OKa,3amejibcmeo. Ife KOMMyTaTHBHOCTH fliiarpaMMbi paccnoeirabix cootbgtctbhh 




Hafl 6a3oii cne,nyeT G x = H x oF x . CneflOBaTejibHO sto paBGHCTBO cnpaBefljiHBO 
TaxjKe Hafl 6a3oii M . □ 



OnpeflejieHHe 4.8. IlycTb s[F] : T '■ 

BGTCTBHG 

A 



>■ M - npHBe,a;eHHoe paccjioeHHoe coot- 



i 

\s\F\ 
V 



B 



H3 paccjioeHHfl A b paccjioeHHe 23. Tor,i;a onpe^ejieHO o6paTHoe npHBe^eHHoe 
paccjioeHHoe cooTBeTCTBHe s[F~ l ] : J-^ 1 >■ M 



B 



I 

V 



.4 



□ 



TeopeMa 4.9. JJ,uazonaAb Aa b paccjioenuu p[A] : A >- M MeAMemcM npuee- 

dennuM paccAoennuM coomeemcmeueM 

r[A A ] : Aa — > M 

gde npoeKuua r[A A ] onpedeAena paeencmeoM 

r[A A ](x, (p,p)) = x 

□ 

TeopeMa 4.10. Ilycmb T - npueedeunoe paccjioennoe coomeemcmeue U3 paccAO- 
enun A e paccAoenue B, H - npueedeunoe paccjioennoe coomeemcmeue U3 paccjio- 
enuM B e paccjioenue C. Cjiedywu^ue moomdecmea cnpaeedAueu 3am npueedennux 
paccAoennux coomeemcmeuu T uTL 

[UoF]- 1 =T~ X ol-C 1 

{F- 1 )- 1 =T 
T o A A = A B oT = T 

JJoKa,3ameAbcmeo. /JoKa3aTejibCTBO TeopeMbi aHajiorii^HO flOKa3aTejibCTBy Teope- 
Mbi 2.5. KajK,a;oe yTBcp^K^GHiiG npoBepaeTCH Ha 6a3e h b cjioe. □ 
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5. Paccjtoehhoe othoiuehhe 

Onpe^ejieHHe 5.1. IlycTb p[A] : A >- M - paccjioeHne h u> - n-apHoe OTHOine- 

hhg b MHO»cecTBe A. PaccjioeHHoe iio^mhokgctbo r[u>] paccjioeHHH £ n Ha3biBaeTca 
n-apHbiM paccjioeHHbiM OTHoraeHHeM b paccjioeHHH A. □ 

TeopeMa 5.2. 2-apHoe paccjioeHHoe OTHomeHHe e paccjioenuu A xejixemcn 
npueedennuM paccjioenuuM coomeemcmeueM e paccjioenuu A. 

JJoKa,3amejibcmeo. TeopeMa flBjiaeTca ane^CTBHeM onpeflejieHHii 4.1 h 5.1. □ 

Onpe^ejieHHe 5.3. 2-apHoe paccjioeHHoe OTHOineHne T b paccjioeHHH A Ha3biBa- 
eTCH 

• TpaH3HTHBHHM, eCJIH T O T C T 

• CHMMeTpHHHbIM, CCJIH T~ X = T 

• aHTHCHMMeTpHHHbIM , eCJIH T ' V\ T~ x C A_4 

• pecpjieKCHBHbiM, ecjiH T 3 

□ 

Onpe^ejieHHe 5.4. TpaH3HTHBHoe pecpJiexcHBHoe 2-apHoe paccjioeHHoe OTHOine- 
Hne T b paccjioeHHH A Ha3biBaeTCH paccjioeHHoii npeflynopsmoHeHHOCTBio b 
A. B 9tom cjiyiae T~ x Taitsce HBjifleTCH paccjioeHHOH npe/rynopajjOHeHHOCTbio b A, 
KOTopaa Ha3biBaeTca itpothboiiojio:>khoh k T . AHTHCHMMeTpHHHaa paccjioeHHaa 
npe^ynopflflO^eHHOCTb b paccjioeHHH A Ha3biBaeTCH paccjioeHHoii ynopa^oieH- 

HOCTbH) B A 8 □ 

Onpe^ejieHHe 5.5. TpaH3HTHBHoe pecpJieKCHBHoe CHMMeTpnHHoe 2-apHoe paccjio- 
eHHoe OTHOineHne T b paccjioeHHH A Ha3biBaeTCH paccjioeHHoii 3KBHBajieHTHo- 
ctbk) Ha paccjioeHHH A. □ 

PaccMOTpHM paccjioeHHyio SKBHBajieHTHOCTb T paccjioeHHH A. ^Jifl xajK^oro 
x G M b cjioe A x onpe^ejieHO OTHomeHHe SKBHBajieHTHOCTH F x . 

6. PACCJTOEHHblH MOPOH3M 

TeopeMa 6.1. Ilycmb na paccjioenuu p[E] : £ >■ M onpedejiena paccjioennasi 

9Keueajienmnocmb s[S] : S >■ M ■ Tozda cyu^ecmeyem paccjioenue 

t[E/S] :£/S--^M 

na3ueaeMoe cpaKTop paccjioeHHeM paccjioenuu £ no SKeueajienmnocmu S . Mop- 
4>U3M paccjioenuu 

natS : £ — ► £/S 

nasueaemca paccjioeHHBiM ecTecTBeHHBiM MopcpH3MOM ujiu paccjioeHHBiM 

MOpcpH3MOM OTOXCfleCTBJieHHH. 

8 Bmjio 6m 3aMaHiHBO onpeflejiHTb paccnoeHHyio jiHHeirayio ynopaflOieHHOCTb T c nc-MOinbio 
paBeHCTBa 

f uf" 1 = A 2 

O^HaKO, eCJIH MM paCCMOTpHM 9TO OTHOIIIGHHG Ha MHOJK6CTB6 CeneHHH, TO MM M05KGM H3HTH napy 
CeieHHH, KOTOpbie Mbl He MOJKeM CpaBHHTb. 
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JJ,OK(i3amejibcmeo. PaccMOTpuM KOMMyTaTHBHyio flHarpaMMy 

nat5 



(6.1) 



£ 



£/S 



p[E] 



M 



t[E/S) 



Mm onpe,a;ejiHM b £/S (paKTopTonojiornio ([6], CTp. 39), Tpe6ya HenpepMBHOCTb 
OTo6pa»ceHHfl nat5. CorjiacHO npe,a;jio:<KeHHio [6]-I.3.6 OTo6pa»ceHHe t[E/S] Henpe- 

pblBHO. 

Tax Kax SKBHBajieHTHOCTb S onpe^,ejieHa TOJibKO Mempy TOTKaMi o^Horo cjioa 
E, to KJiaccbi SKBHBajieHTHOCTH npHHa^jiejKaT oflHOMy h TOMy cjiok) E/S (cpaBHH 
c 3aMeHaHHeM k npe^jiojKeHHio [6J-I.3.6). □ 

IlycTb / : A — > B - paccjioeHHbin Mop<pH3M, 6a3a KOToporo HBjiaeTCH TOJKfle- 
CTBGHHbiM OTo6pa»ceHHeM. CorjiacHO onpeflejieHHio 4.8 cymecTByeT o6paTHoe npn- 
Be^eHHoe paccjioeHHoe cooTBeTCTBne / . CorjiacHO TeopeMaM 4.7 h 5.2 / o / 

HBJIfleTCfl 2-apHbIM paCCJIOeHHbIM OTHOHieHHeM. 

TeopeMa 6.2. Paccjioemioe omuomeHue S = f^ 1 of siesisiemcsi paccAoenHou 9%eu- 
eajiemnHocmbK) ua paccjioewuu A. Cyuificmeyem pa,3JiocHceHue paccnoewHozo Mop- 
(f)U3Ma f e npou3eedenue paccjioenHux Mop$u3Moe 

(6.2) / = itj 

i 



A/S- 



A- 



f 



f(A) 



B 



j = natiS - ecmecmeeHHUu zoMOMopcp'usM, 

(6.3) j(a)=j(a) 

t - U30M0p$U3M 

(6.4) r(a)=t(j(a)) 
i - ejiootcenue 

(6.5) r(a) = i(r(a)) 

/^OKasameAbcmeo. yTBepjK^eHHe TeopeMbi npoBepaeTCH b cjioe. Heo6xo,n,HMO Tax- 

JKe npOBepHTb, HTO SKBHBajieHTHOCTb HenpepblBHO 3aBHCHT OT CJIOH. 

□ 

7. CBOBOflHOE T*-I1PE,I],CTABJ1EHHE PACCJIOEHHOH TPynnbl 

OTo6pa»ceHHe nat<S He nopojK^aeT paccnoeHHH, Tax xax pa3Hbie KJiaccbi SKBiiBa- 
jieHTHOCTH, BOo6in,e roBopa, He roMeoMopcpHbi. OflHaxo ^OKa3aTejibCTBO TeopeMbi 
6.1 no,n;cKa3biBaeT KOHCTpyKixHio, o^eHb HanoMimaiomyio nocTpoeHiie, npe,a;jio:s<:eH- 
Hoe b [7], CTp. 16 - 17. 
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Onpe,n;ejieHHe 7.1. PaccMOTpiiM r*-npe,a;cTaBjieHHe / paccjioeHHofi rpynnbi p[G] 
b paccjioeHHH A4. Paccjioeimaa Majiaa rpynna hjih paccjioeimaa rpynna 
CTa6HJiH3au;HH ceneHHH h G T(A4) - sto mhojk6ctbo 

Qh = {g e T(G) ■. f(g)h = h} 

□ 

TeopeMa 7.2. PaccMompuM T-k-npedcmaejienue f paccjioenHou zpynnu p[G] e 

paccjioenuu r[E] : £ >■ M ■ JJonycmuM Gh - paccAoeunaji Majian zpynna ce- 

nenuM h. J^jim, ak>6ozo x G M caou Gh,x paccAoeunou moaou zpynnu ceneuuM h 
MBAJiemcM nodzpynnou moaou zpynnu Gh( x ) dAejuenma h(x) G E x . 

J^OKasamejvbcmeo. Bbi6epeM ceneHne g G T(Gh) Tax, hto npeo6pa30BaHne f{g) 
ocTaBJiaeT Heno^,BH>KHbiM ceneHne h G Cjie,n,OBaTejibHO, npeo6pa30BaHHe 

f(h(x)) ocTaBjiaeT HenoflBioKHbiM h(x) G E x . □ 

Onpe,n;e.jieHHe 7.3. Mm 6yi;eM Ha3biBaTb T*-npe,a;cTaBjieHHe / paccjioeHHoii rpyn- 
nbi p[G] CBo6oflHBiM, ecjin ,n;jifl jiro6oro x G M T* -npe^CTaBJieHHe f x rpynnbi G x 
b cjioe E x CBo6oflHO. □ 

TeopeMa 7.4. Ecjiu onpedejieno ceo6odnoe T-k-npedcmaejienue f paccAoeunou zpyn- 
nu p[G] e paccAoenuu r[E] : £ >■ M , mo onpedejieno e3auMno odno3HaHHoe 

coomeemcmeue Meotcdy op6umou npedcmaejieuun e cjioe u zpynnou G. Ecjiu zpyn- 
na G - monoAozunecKan zpynna, mo op6uma npedcmaejiemiM e cjioe zoMeoMopqina 
zpynne G. 

J^OKaaamejibcmeo. □ 

PaccMOTpnM KOBapnaHTHoe CBo6o,inroe T*-npe,n;cTaBjieHHe / paccjioeHHoii rpyn- 
nbi p[G] Ha paccjioeHHH p[E]. 3to T*-npe,n,CTaBJieHHe onpe^ejifleT Ha a[E] paccjio- 
eHHoe OTHonieHne SKBHBajieHTHOCTH S, (p, q) G S ecjin p n q npHHa^jiejKaT o6meH 
op6nTe. Tax Kax npe^CTaBJieHne b KaacflOM cjioe cbo6o,h,ho, Bee KJiaccbi SKBHBa- 
jieHTHOCTH roMeoMopcpHM rpynne G. Cjie,a;oBaTejibHO, OTo6pa»ceHHe nat5 HBjiaeT- 

ch npoeKUHeii paccjioeHHH nat5[G] : £ >■ £/S . Mm Taicsce 6ya;eM nojib30BaTbca 

chmbojiom S = G*- Mm MOJKeM npeflCTaBHTb ^narpaMMy (6.1) b BH,a;e KOHCTpyKinin 

£^ 

^ natS[G] 

p[e] K £/S 

M 

Mm 6yi;eM Ha3MBaTb paccjioeHne nat5[G] paccjioeHHeM ypoBHa 2. 

IIpHMep 7.5. PaccMOTpnM npe^CTaBJieHHe rpynnbi BpameHHii SO (2) b R 2 . Bee 

tohkh, KpoMe tohkh (0,0), HMeiOT TpHBHajibHyio Majiyio rpynny. TaKHM o6pa30M, 
Ha MHoacecTBe R 2 \ {(0,0)} onpe^ejieHO CBo6o,a,Hoe npe^CTaBJieHHe rpynnbi SO(2). 

Mm He MO»ceM BOcnojib30BaTbCH stoh onepaniieii b cjiynae paccjioeHHH p[R 2 ] 
h npe,n;cTaBjieHHfl paccjioeHHOH rpynnbi t[SO(2)]. IlycTb S - OTHonieHne paccjioeH- 

HOH 3KBHBajieHTH0CTH. PaCCJIOeHHe p[R 2 \ {(0, 0)}]/i[S'O(2)]* He HBJIfleTCH nOJIHMM. 
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B pe3yjibTaTe npe,a;ejibHMH nepexo,a; MoaceT iiphbgcth b Hecy^ecTByroirpoi cjioh. 
IloaTOMy Mbi npe^noHHTaeM paccMaTpHBaTb paccnoeHne p[R 2 ]/t[SO(2)]*, HMea b 

BHfly, HTO CJIOH Hafl TO^KOfi (X, 0, 0) - BbipOJKfleH. □ 

Mm ynpocTHM o6o3HaHeHHH h npe^CTaBHM nojiyieHHyio KOHCTpyKirHio b BH^e 
p[Ea,Ei] :£ 2 --^£ 1 --^M 
r^e mm npe,a;iiojiaraeM paccjioeHHH 

p 2 [E 2 ] :£ 2 - ->£ x Pi [-Ei] : £1 >■ M 

AiiajiorHHHbiM o6pa30M mm MoaceM paccMaTpHBaTb paccjioeHHe ypoBHa n 
(7.1) p[E n ,...,E x ] :£n-->- ... --v£ x --^M 

IlocjieflOBaTejibHOCTb paccjioeHHii (7.1) mm 6yi;eM Ha3MBaTb 6aniHeft paccjioe- 
HHii. 3to onpe,a;ejieHHe r rsji no aHajiormi c 6aniHeii ITocTHHKOBa ([8]). BaniHH 
IIocTHHKOBa - 3to 6aniHH paccjioeHHii. Cjioii paccjioeHaa ypoBHH n - sto tomoto- 
nH^ecKaa rpynna nopa/nta n. IIoflo6HMe KOHCTpyKirnn H3B6CTHM, cyniaKO r npnBeji 
onpe^ejieHne 6aniHH paccnoeHnii, nocKOJibKy oho ecTecTBeHHMM o6pa30M B03HHKa- 
eT H3 BMineH3JioJKeHHoro TeKCTa. 

51 xoiy paccMOTpeTb em;e o^hh npimep 6aniHH paccjioemoi, kotopmh npuBjieK 
Moe BHHMaHne ([9], [10], nacTb 2). B KanecTBe 6a3M Bbi6epeM mhojkgctbo J (n,m) 
0-fl»ceTOB OTo6pa»ceHHH H3 R n b R m . B xaiecTBe paccjioeHHH ypoBaa p Bbi6epeM 
MHO»cecTBO J p (n,m) p-^sceTOB OTo6pa»ceHHH H3 R n b R m . 
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9. IIPEflMETHfclfi yKA3ATEJIb 



2-apHoe paccjioeHHoe OTHonieHne 16 

n-apHoe paccjioeHHoe othoihghhg 16 

aHTHCHMMeTpuHHoe 2-apHoe paccjioeHHoe 
OTHomeHae 16 

6a3a paccjioeHHoro cootbctctbhh 5 
6aniHa paccjioeHHft 19 

flnaroHajiB b paccnoeHiiH 10 
flHarpaMMa cootb6tctbhh 3 

3aKOH aCCOHHaTHBHOCTH npOH3Be#eHHa 

paccjioeHHBix cootbgtctbhh 9 
KaTeropna npHBe,a;eHHBix paccjioeHHBix 

COOTBGTCTBHH 13 

KaTeropna paccjioeHHBix cootbctctbhS Has 

flnaroHajiBio 13 
KOMMyTaTHBHaa flnarpaMMa cootbctctbhh 

3 

JIHCpT COOTBeTCTBHa 5 

HenpeptiBHoe cootbctctbhc 4 
o6paTHoe npnBe,a;eHHoe paccjioeHHoe 

COOTBeTCTBHe 15 

o6paTHoe paccjioeHHoe COOTBeTCTBHe 10 



paccjioeHHaa npeflynopaflOieHHOCTB 16 
paccjioeHHaa ynopaflOieHHOCTB 16 
paccjioeHHaa 9KBHBajieHTHOCTB 16 
paccjioeHHoe noflMHoacecTBO 5 
paccjioeHHoe cootbctctbhc b A 5 
paccjioeHHoe COOTBeTCTBHe roMOMop<pn3Ma 
11 

paccjioeHHoe COOTBeTCTBHe h3 A b B 5 

paCCJIOeHHBlft eCTeCTBCHHBIH MOp<pH3M 16 

paccjioeHHBiii Mopcpn3M OTOjKflecTBjieHna 
16 

pe<pjieKCHBHoe 2-apHoe paccjioeHHoe 
OTHOineHae 16 

CBo6oflHoe T*-npeflCTaBjieHHe paccjioeHHoii 

rpynnBi 18 
CHMMeTpHiHoe 2-apHoe paccjioeHHoe 

OTHOineHne 16 

COOTBeTCTBHe TOMOMOp<pH3Ma 11 

cooTBeTCTBue, HenpeptiBHoe Ha mho^kcctbc 
4 

cy^KeHne cooTBeTCTBHa 4> Ha mho^kcctbo C 
4 

TpaH3HTHBHoe 2-apHoe paccjioeHHoe 

OTHOHieHHe 16 

(paKTop paccjioeHne 16 

(pHJIBTp $ CXOflHTCa K A 4 



noflpaccjioeHHe 5 

npe^eji cooTBeTCTBHa no cpnjiBTpy 4 

npe^eji cpHJiBTpa 4 

npe,o;ejiBHoe mho^kcctbo (p HJIbT P a 4 

npHBe^eHHoe paccjioeHHoe COOTBeTCTBHe h3 
A-rBXX 

npHBe^eHHoe paccjioeHHoe COOTBeTCTBHe b 
A 11 

npoflOji>KeHHe cooTBeTCTBHa 4 
npoH3BefleHHe npnBe^eHHBix paccjioeHHBix 

COOTBeTCTBHH 14 

npoH3Be^;eHHe paccjioeHHBix cootbctctbhh 
8 

npoTHBonojiOJKHaa paccjioeHHaa 
npeflynopaflOieHHOCTB 16 

paccjioeHne ypoBHa n 19 
paccjioeHne ypoBHa 2 18 
paccjioeHHaa rpynna CTa6HjiH3anHH 18 
paccjioeHHaa Majiaa rpynna 18 
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